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Abstract. We show in this brief paper the equivalence of the support vector machine and
regularization neural networks.We prove both implication sides of the equivalence in a generally
applicable way. The novelty lies in the effective construction of the regularization operator cor-
responding to a given support vector machine formulation.We give also a short introductory
description of both neural network approximation frameworks.

Key words: approximation, equivalent neural networks, regularization, support vector machine

1. Introduction

Recent papers [2, 3, 5, 7, 8, 10, 11] show that the two top-level neural network
approximation frameworks are the application of support vector machine theory
and regularization theory to neural networks. Both frameworks fall into the general
category of Bayesian neural network methods that are based on optimization of
neural networks in the context of some prior distribution over the parameter space
of neural networks [1, 13].
In previous works Smola et al. [10] and Girosi [5] have shown that the problem

formulation of regularization neural networks can be transformed into a problem
that corresponds to a support vector machine neural network. They have shown
that the inverse is true in speci¢c cases (e.g., Smola et al. [10] calculated the
regularization operator for speci¢c cases of kernels). However, they did not show
in general that the inverse correspondence works, i.e., that the problem formulation
of a general support vector machine neural network can be transformed into a prob-
lem that corresponds to a regularization neural network. We note that Smola et al.
[10] mention this general correspondence as a conjecture in a footnote.
In this paper we prove in a compact and general manner that the two problem

formulation, i.e., support vector machine and regularization formulation, are
equivalent. The main novelty of the paper is that we show how to effectively con-
struct the regularization operator corresponding to a given support vector machine
problem.
The two problem formulations are presented brie£y in Section 2. The theorems

showing both implications of the equivalence relation are given in Section 3.
The paper is closed by conclusions in Section 4.
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2. Problem Formulation in the Two Approximation Frameworks

In this section we brie£y present the problem formulation of neural network
optimization in the case of support vector machine and regularization neural
networks. Our goal is to approximate the functional relationship f :Rd

! R that
characterizes the data D ¼ fðx1; y1Þ; ðx2; y2Þ; . . . ; ðxn; ynÞg, where xi 2 Rd and
yi 2 R, and i ¼ 1; . . . ;m.

2.1. THE SUPPORT VECTOR MACHINE NEURAL NETWORKS

The parameters of support vector machine neural networks are calculated by solving
a support vector machine problem [12] in the context of some data. For general
overview of the method see Scholkopf et al. [9] or Burges [2]. Here we present
the problem formulation in the general case of approximation.
We construct the approximating function g as a combination of kernel functions

corresponding to the so called support vectors. We set the maximum accepted error
to be e > 0. The support vectors are those xi vectors that effectively determine
the solution of the approximation problem, the other data vectors representing
redundant information in the context of e-precision approximation. The kernel func-
tion corresponds to the transformation of the data vectors into a high (possibly
in¢nite) dimensional space where the original functional relationship is
approximated by a linear function (for details see [2, 9]). In order to qualify as
a kernel function, the function K :Rd

�Rd
! R has to have a decomposition of

form

Kðx; yÞ ¼ FðxÞ;FðyÞ
� �

ð2:1Þ

where F:Rd
! H is a transformation of d-dimensional vectors into the vector space

H, and 	; 	h i denotes the scalar product in H.
The support vector machine problem, which leads to the calculation of parameters

of the corresponding neural network is formulated as follows:

min
Y

LP ð2:2Þ

LP ¼
Xn

i¼1

maxðjyi 
 gYðxiÞj 
 e; 0Þ þ 1
2 jjojj

2 ð2:3Þ

where Y represents the set of all parameters of the approximating function (i.e.,
the weights and parameters of the corresponding neural network) and o 2 H
characterizes the approximating function.
In order to handle the high dimensional vector o, we use the dual problem. By

property (2.1) of kernel functions, the dual problem is:

max
a;a�2Rn

þ

LD ð2:4Þ
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LD ¼
Xn

i¼1

ðai 
 a�i Þyi 
 e
Xn

i¼1

ðai þ a�i Þ 

1
2

Xn

i¼1

Xn

j¼1

ðai 
 a�i Þ 	 ðaj 
 a�j ÞKðxi; xjÞ

ð2:5Þ

and the restrictions are

Xn

i¼1

ðai 
 a�i Þ ¼ 0 ð2:6Þ

ai; a�i 2 ½0;C� ð2:7Þ

where C > 0 is a superior limit for the a-s. The support vectors are those xi-s for
which ai or a�i is strictly positive (one of them is always zero).
The high dimensional hyperplane approximation of f is de¢ned by o and b, where

o ¼
X

i2SV

ðai 
 a�i ÞFðx
iÞ ð2:8Þ

b ¼ ys 
 ho;FðxsÞi ð2:9Þ

SV � f1; 2; . . . ; ng is the index set of the support vectors and xs is one of the support
vectors.
The corresponding approximating function is de¢ned as:

gYðxÞ ¼ ho;FðxÞi þ b ¼
X

i2SV

ðai 
 a�i ÞKðx; xiÞ þ b ð2:10Þ

The support vector neural network is composed by m ¼ cardðSV Þ hidden neurons
and an output neuron. The hidden neurons have as activation functions the half-¢xed
kernel functions Kðx; xij Þ, where ij 2 SV and j ¼ 1; . . . ;m. The weights of the con-
nections between the hidden neurons and the output neuron are wj ¼ aij 
 a�ij ,
j ¼ 1;m. The output neuron calculates the network output by summing up the
weighted outputs of the hidden neurons.

2.2. THE REGULARIZATION NEURAL NETWORKS

The regularization neural networks are based on the use of regularization theory in
the context of neural network approximation. For an overview of the theory of
regularization neural networks see Haykin [6] or Poggio and Girosi [8].
The approximating neural network has the mathematical representation

gðxÞ ¼
Xm

i¼1

wigiðx; y
i
Þ ð2:11Þ

where wi-s are the weights of the connections between the hidden neuron and the
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output neuron of the network and yi-s are the parameter vectors of the activation
functions of hidden neurons. Many times the classical squared error optimization
problem is ‘ill-posed’ (i.e., has many similar quality solutions). In order to make
it ‘well-posed’, we regularize it by applying a regularization operator P to the func-
tion represented by the neural network. The regularized version of the error func-
tional is written as

ER ¼
Xn

i¼1

ðyi 
 gðxiÞÞ
2
þ ljjPgjj2 ð2:12Þ

The positive parameter l controls the weight of the regularization restrictions.
The regularization operators determine the form of activation functions of hidden

neurons. The regularization neural network corresponding to the data D and the
regularization operator P has the mathematical representation [8]:

gðxÞ ¼
Xn

i¼1

wiGðx; xiÞ ð2:13Þ

where the Gðx; xiÞ functions are Green functions corresponding to the equations

P�PðGðx; xiÞÞ ¼ dxi ð2:14Þ

and the weights are determined from the matrix equation

wG ¼ y ð2:15Þ

where y ¼ ðy1; . . . ; ynÞ, w ¼ ðw1; . . . ;wnÞ, and G ¼ ½Gðxi; xjÞ�i¼1;n;j¼1;n. (For a dis-
cussion on Green functions see [8].)
In other words this means that the obtained neural network has n hidden neurons

and an output neuron. The hidden neurons have as activation functions the half-¢xed
Green functions Gðx; xiÞ. The weights wi, of the connections between the hidden
neurons and the output neuron are determined from the equation (2.15). The output
neuron calculates the network output by summing up the weighted outputs of the
hidden neurons.

3. The Equivalence of the Two Frameworks

In this section we prove both implication parts of the equivalence between the
support vector machine neural networks and the regularization neural networks.
First we show that for a given support vector machine neural network there is
an equivalent regularization neural network. Second we show that the inverse of
this is also true.
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3.1. REFORMULATION OF SVM PROBLEMS AS REGULARIZATION PROBLEMS

We state and prove the theorem of the implication of existence of an equivalent
regularization neural network for a given support vector machine neural network.

THEOREM 3.1. Let K :Rd
�Rd

! R be a kernel function. Then the support vector
machine approximation problem for the data D ¼ fðx1; y1Þ; ðx2; y2Þ; . . . ; ðxn; ynÞg,
where xi 2 Rd and yi 2 R, is determined by the functional

LP;e ¼
Xn

i¼1

maxðjyi 
 gYðxiÞj 
 e; 0Þ þ 1
2 jjojj

2 ð3:1Þ

where o is de¢ned by (2.8).
If the support vector machine approximation problem has a solution, then there

exists a regularization neural network that is the same as the one obtained by solving
the speci¢ed support vector machine problem.

Proof. Assume that the kernel functions can be written as

Kðz; tÞ ¼ hFðzÞ;FðtÞi ð3:2Þ

where z; t 2 Rd . Let K be the linear closure of the set of Kðx; xiÞ, i ¼ 1; . . . ; n.
Consider a function g, and de¢ne the projection of g on K to be prKg. Then we get

that prKg has the form

prKgðxÞ ¼
Xn

i¼1

aiKðx; xiÞ ð3:3Þ

De¢ne the operator PK over the linear closure of the set of functions Kðz; tÞ as

PKKðz; tÞ ¼ FðtÞ ð3:4Þ

PK ða1Kðz; t1Þ þ a2Kðz; t2ÞÞ ¼ a1PKKðz; t1Þ þ a2PKKðz; t2Þ ð3:5Þ

De¢ne the operator P by extending the operator PK to all functions by:

Pg ¼ PK ðprKgÞ ð3:6Þ

It is immediate to see that the operator P is well de¢ned.
For the norm of Pg we get

jjPgjj2 ¼ hPg;Pgi ¼
Xn

i¼1

Xn

j¼1

aiajKðxi; xjÞ ð3:7Þ

Writing the corresponding regularized approximation problem we get for the
regularized error functional

ER ¼
Xn

i¼1

maxðjyi 
 gYðxiÞj 
 e; 0Þ þ 1
2 jjPðgY; eÞjj

2 ð3:8Þ
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By considering the formula of o (2.8) we can see that 12 jjPðgY; eÞjj
2 is the same as

1
2 jjojj

2 (i.e., by the correspondence between the ai-s and ai 
 a�i -s). Thus the
regularized error functional (3.8) is equivalent to the primary support vector
machine functional (3.1).
Consequently the regularization neural network corresponding to ER is the same

as the neural network corresponding to the original support vector machine approxi-
mation problem. &

The importance of this proof is that it effectively shows that there exists the cor-
responding regularization problem and in consequence it proves the ¢rst implication
part of the equivalence of the two approximation frameworks. Particular examples
of kernels and corresponding regularization operators are given by Smola et al. [10].
In the case when the kernel functions are from a reproducing-kernel Hilbert space
(RKHS) the obtained regularization operator is the identity operator [5].

3.2. REFORMULATION OF REGULARIZATION PROBLEMS AS SVM PROBLEMS

We state and prove the theorem of the inverse implication of existence of a support
vector machine neural network for a given regularization neural network. Even
though this proof is basically the same as the one given by Smola et al. [10], we
present it for the sake of completeness.

THEOREM 3.2. Let P be a regularization operator, and let us consider the
regularized approximation problem determined by the regularized error functional

ER ¼
Xn

i¼1

Errðyi; gYðxiÞÞ þ ljjPgYjj2 ð3:9Þ

where Y represents all the parameters (i.e., wi-s and yi-s) of g, and the data set is
D ¼ fðx1; y1Þ; ðx2; y2Þ; . . . ; ðxn; ynÞg, where xi 2 Rd and yi 2 R. The error function
can be any error function like Errðu; vÞ ¼ ðu 
 vÞ2, or Errðu; vÞ ¼ maxðju 
 vj 
 e; 0Þ.

If the regularized approximation problem has a solution, the regularization neural
network corresponding to this problem can also be obtained as a support vector
machine neural network.

Proof. De¢ne the function set

H ¼ fhzðtÞ ¼ PGzðtÞjz 2 Rd
g ð3:10Þ

where GzðtÞ ¼ Gðt; zÞ, and G is the Green function of the operator P. De¢ne the
addition and scalar multiplication operators

hz1ðtÞ þ hz2 ðtÞ ¼ hz1þz2ðtÞ ð3:11Þ
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b 	 hzðtÞ ¼ hb	zðtÞ ð3:12Þ

where z; z1; z2 2 Rd and b 2 R.
ThenH together with the above de¢ned addition and scalar multiplication forms a

vector space of functions.
We de¢ne the vector transformation F:Rd

! H by

FðzÞ ¼ hzðtÞ ð3:13Þ

Using (2.14) we write

GzðtÞ ¼ hGzðqÞ; dti ¼ hGz;P�PGti ¼ hPGz;PGti ¼ hhz; hti ð3:14Þ

So, we ¢nd that

Gðz1; z2Þ ¼ hhz1 ðtÞ; hz2ðtÞi ¼ hFðz1Þ;Fðz2Þi ð3:15Þ

Consequently G satis¢es the condition to qualify as a kernel function and we can
formulate a support vector machine problem using the G functions as kernels, which
leads to the same neural network as the regularized approximation problem. The
existence of this uniquely de¢ned neural network is provided by the supposition
of the theorem. (For further discussions related to this theorem see [10].) &

Note that the form of the support vector machine problem depends on the error
function that we use in the de¢nition of the original problem. To get the standard
support vector machine problem that corresponds to the e-precision approximation,
we have to use the e-insensitive error function, i.e., Errðu; vÞ ¼ maxðju 
 vj 
 e; 0Þ.

4. Conclusions

We proved both implication sides of the equivalence of the support vector machine
and regularization neural networks. The standard support vector machine neural
networks (i.e., those that use e-insensitive error in the calculations), which have
a unique solution, correspond to a subset of the general class of regularization neural
networks. Although in general, we can ¢nd a generalized support vector machine
neural network for every regularization neural network, these neural networks cor-
respond to support vector machine problems formulated with other, not
e-insensitive, error functions (e.g., squared error). We emphasize that the
regularization networks typically use squared error function and the support vector
machines use typically e-insensitive error function in their problem formulation.
The equivalence between the two formulations should be understood in a generalized
sense, by allowing the use of all kinds of error functions in the formulation of both
problems.
As we noted in the introduction, both methods are particular realization of the

general Bayesian neural network methods [1, 13]. Their advantage is that they make
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the theory operational. Having the equivalence of these methods we select the best
method for each particular problem. Using the transformation relations between
these methods we can co-design the best ¢tting support vector machine,
regularization or Bayesian prior that leads to the optimal solution of the problem.
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