
Chapter 19: Undirected graphical models
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<latexit sha1_base64="7g7ZMIIw9eimBavbZdQSY5FlsCA=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZ6UZ3FewFOkPJpJk2NJMJyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8kdKcAOe9+2UNja3tnfKu5W9/YPDI/f4pG3STFPWoqlIdTcihgkuWQs4CNZVmpEkEqwTjRvzemfCtOGpfIKpYmFChpLHnBKwVt9173AgU8CBYlrhBq703apX8xbC6+AXUEWFmn33KxikNEuYBCqIMT3fUxDmRAOngs0qQWaYInRMhqxnUZKEmTBfXD7DF9YZ4DjV9knAC/f3RE4SY6ZJZDsTAiOzWpub/9V6GcS3Yc6lyoBJulwUZwJDiucx4AHXjIKYWiBUc3srpiOiCQUb1jwEf/XL69C+qvmWH6+r9YcijjI6Q+foEvnoBtXRPWqiFqJogp7RK3pzcufFeXc+lq0lp5g5RX/kfP4ARGSSIA==</latexit><latexit sha1_base64="7g7ZMIIw9eimBavbZdQSY5FlsCA=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZ6UZ3FewFOkPJpJk2NJMJyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8kdKcAOe9+2UNja3tnfKu5W9/YPDI/f4pG3STFPWoqlIdTcihgkuWQs4CNZVmpEkEqwTjRvzemfCtOGpfIKpYmFChpLHnBKwVt9173AgU8CBYlrhBq703apX8xbC6+AXUEWFmn33KxikNEuYBCqIMT3fUxDmRAOngs0qQWaYInRMhqxnUZKEmTBfXD7DF9YZ4DjV9knAC/f3RE4SY6ZJZDsTAiOzWpub/9V6GcS3Yc6lyoBJulwUZwJDiucx4AHXjIKYWiBUc3srpiOiCQUb1jwEf/XL69C+qvmWH6+r9YcijjI6Q+foEvnoBtXRPWqiFqJogp7RK3pzcufFeXc+lq0lp5g5RX/kfP4ARGSSIA==</latexit><latexit sha1_base64="7g7ZMIIw9eimBavbZdQSY5FlsCA=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZ6UZ3FewFOkPJpJk2NJMJyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8kdKcAOe9+2UNja3tnfKu5W9/YPDI/f4pG3STFPWoqlIdTcihgkuWQs4CNZVmpEkEqwTjRvzemfCtOGpfIKpYmFChpLHnBKwVt9173AgU8CBYlrhBq703apX8xbC6+AXUEWFmn33KxikNEuYBCqIMT3fUxDmRAOngs0qQWaYInRMhqxnUZKEmTBfXD7DF9YZ4DjV9knAC/f3RE4SY6ZJZDsTAiOzWpub/9V6GcS3Yc6lyoBJulwUZwJDiucx4AHXjIKYWiBUc3srpiOiCQUb1jwEf/XL69C+qvmWH6+r9YcijjI6Q+foEvnoBtXRPWqiFqJogp7RK3pzcufFeXc+lq0lp5g5RX/kfP4ARGSSIA==</latexit><latexit sha1_base64="7g7ZMIIw9eimBavbZdQSY5FlsCA=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZ6UZ3FewFOkPJpJk2NJMJyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8kdKcAOe9+2UNja3tnfKu5W9/YPDI/f4pG3STFPWoqlIdTcihgkuWQs4CNZVmpEkEqwTjRvzemfCtOGpfIKpYmFChpLHnBKwVt9173AgU8CBYlrhBq703apX8xbC6+AXUEWFmn33KxikNEuYBCqIMT3fUxDmRAOngs0qQWaYInRMhqxnUZKEmTBfXD7DF9YZ4DjV9knAC/f3RE4SY6ZJZDsTAiOzWpub/9V6GcS3Yc6lyoBJulwUZwJDiucx4AHXjIKYWiBUc3srpiOiCQUb1jwEf/XL69C+qvmWH6+r9YcijjI6Q+foEvnoBtXRPWqiFqJogp7RK3pzcufFeXc+lq0lp5g5RX/kfP4ARGSSIA==</latexit>

A ? C
<latexit sha1_base64="KzYLEK4dskRXiRUOtHZ2Cb38/ug=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLqsdKO7CvYC7VAyaaYNzSQhOSOUoY/hxoUibn0ad76NmXYWWv0h8PGfc8g5f6QFt+D7X15pbX1jc6u8XdnZ3ds/qB4edaxKDWVtqoQyvYhYJrhkbeAgWE8bRpJIsG40beb17iMzliv5ADPNwoSMJY85JeCs/g0eaGY0buLKsFrz6/5C+C8EBdRQodaw+jkYKZomTAIVxNp+4GsIM2KAU8HmlUFqmSZ0Ssas71CShNkwW6w8x2fOGeFYGfck4IX7cyIjibWzJHKdCYGJXa3l5n+1fgrxdZhxqVNgki4/ilOBQeH8fjzihlEQMweEGu52xXRCDKHgUspDCFZP/gudi3rg+P6y1rgr4iijE3SKzlGArlAD3aIWaiOKFHpCL+jVA+/Ze/Pel60lr5g5Rr/kfXwDQo6P8A==</latexit><latexit sha1_base64="KzYLEK4dskRXiRUOtHZ2Cb38/ug=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLqsdKO7CvYC7VAyaaYNzSQhOSOUoY/hxoUibn0ad76NmXYWWv0h8PGfc8g5f6QFt+D7X15pbX1jc6u8XdnZ3ds/qB4edaxKDWVtqoQyvYhYJrhkbeAgWE8bRpJIsG40beb17iMzliv5ADPNwoSMJY85JeCs/g0eaGY0buLKsFrz6/5C+C8EBdRQodaw+jkYKZomTAIVxNp+4GsIM2KAU8HmlUFqmSZ0Ssas71CShNkwW6w8x2fOGeFYGfck4IX7cyIjibWzJHKdCYGJXa3l5n+1fgrxdZhxqVNgki4/ilOBQeH8fjzihlEQMweEGu52xXRCDKHgUspDCFZP/gudi3rg+P6y1rgr4iijE3SKzlGArlAD3aIWaiOKFHpCL+jVA+/Ze/Pel60lr5g5Rr/kfXwDQo6P8A==</latexit><latexit sha1_base64="KzYLEK4dskRXiRUOtHZ2Cb38/ug=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLqsdKO7CvYC7VAyaaYNzSQhOSOUoY/hxoUibn0ad76NmXYWWv0h8PGfc8g5f6QFt+D7X15pbX1jc6u8XdnZ3ds/qB4edaxKDWVtqoQyvYhYJrhkbeAgWE8bRpJIsG40beb17iMzliv5ADPNwoSMJY85JeCs/g0eaGY0buLKsFrz6/5C+C8EBdRQodaw+jkYKZomTAIVxNp+4GsIM2KAU8HmlUFqmSZ0Ssas71CShNkwW6w8x2fOGeFYGfck4IX7cyIjibWzJHKdCYGJXa3l5n+1fgrxdZhxqVNgki4/ilOBQeH8fjzihlEQMweEGu52xXRCDKHgUspDCFZP/gudi3rg+P6y1rgr4iijE3SKzlGArlAD3aIWaiOKFHpCL+jVA+/Ze/Pel60lr5g5Rr/kfXwDQo6P8A==</latexit><latexit sha1_base64="KzYLEK4dskRXiRUOtHZ2Cb38/ug=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLqsdKO7CvYC7VAyaaYNzSQhOSOUoY/hxoUibn0ad76NmXYWWv0h8PGfc8g5f6QFt+D7X15pbX1jc6u8XdnZ3ds/qB4edaxKDWVtqoQyvYhYJrhkbeAgWE8bRpJIsG40beb17iMzliv5ADPNwoSMJY85JeCs/g0eaGY0buLKsFrz6/5C+C8EBdRQodaw+jkYKZomTAIVxNp+4GsIM2KAU8HmlUFqmSZ0Ssas71CShNkwW6w8x2fOGeFYGfck4IX7cyIjibWzJHKdCYGJXa3l5n+1fgrxdZhxqVNgki4/ilOBQeH8fjzihlEQMweEGu52xXRCDKHgUspDCFZP/gudi3rg+P6y1rgr4iijE3SKzlGArlAD3aIWaiOKFHpCL+jVA+/Ze/Pel60lr5g5Rr/kfXwDQo6P8A==</latexit> A

B

C

A

B

C
A 6? C

<latexit sha1_base64="7g7ZMIIw9eimBavbZdQSY5FlsCA=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZ6UZ3FewFOkPJpJk2NJMJyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8kdKcAOe9+2UNja3tnfKu5W9/YPDI/f4pG3STFPWoqlIdTcihgkuWQs4CNZVmpEkEqwTjRvzemfCtOGpfIKpYmFChpLHnBKwVt9173AgU8CBYlrhBq703apX8xbC6+AXUEWFmn33KxikNEuYBCqIMT3fUxDmRAOngs0qQWaYInRMhqxnUZKEmTBfXD7DF9YZ4DjV9knAC/f3RE4SY6ZJZDsTAiOzWpub/9V6GcS3Yc6lyoBJulwUZwJDiucx4AHXjIKYWiBUc3srpiOiCQUb1jwEf/XL69C+qvmWH6+r9YcijjI6Q+foEvnoBtXRPWqiFqJogp7RK3pzcufFeXc+lq0lp5g5RX/kfP4ARGSSIA==</latexit><latexit sha1_base64="7g7ZMIIw9eimBavbZdQSY5FlsCA=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZ6UZ3FewFOkPJpJk2NJMJyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8kdKcAOe9+2UNja3tnfKu5W9/YPDI/f4pG3STFPWoqlIdTcihgkuWQs4CNZVmpEkEqwTjRvzemfCtOGpfIKpYmFChpLHnBKwVt9173AgU8CBYlrhBq703apX8xbC6+AXUEWFmn33KxikNEuYBCqIMT3fUxDmRAOngs0qQWaYInRMhqxnUZKEmTBfXD7DF9YZ4DjV9knAC/f3RE4SY6ZJZDsTAiOzWpub/9V6GcS3Yc6lyoBJulwUZwJDiucx4AHXjIKYWiBUc3srpiOiCQUb1jwEf/XL69C+qvmWH6+r9YcijjI6Q+foEvnoBtXRPWqiFqJogp7RK3pzcufFeXc+lq0lp5g5RX/kfP4ARGSSIA==</latexit><latexit sha1_base64="7g7ZMIIw9eimBavbZdQSY5FlsCA=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZ6UZ3FewFOkPJpJk2NJMJyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8kdKcAOe9+2UNja3tnfKu5W9/YPDI/f4pG3STFPWoqlIdTcihgkuWQs4CNZVmpEkEqwTjRvzemfCtOGpfIKpYmFChpLHnBKwVt9173AgU8CBYlrhBq703apX8xbC6+AXUEWFmn33KxikNEuYBCqIMT3fUxDmRAOngs0qQWaYInRMhqxnUZKEmTBfXD7DF9YZ4DjV9knAC/f3RE4SY6ZJZDsTAiOzWpub/9V6GcS3Yc6lyoBJulwUZwJDiucx4AHXjIKYWiBUc3srpiOiCQUb1jwEf/XL69C+qvmWH6+r9YcijjI6Q+foEvnoBtXRPWqiFqJogp7RK3pzcufFeXc+lq0lp5g5RX/kfP4ARGSSIA==</latexit><latexit sha1_base64="7g7ZMIIw9eimBavbZdQSY5FlsCA=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZ6UZ3FewFOkPJpJk2NJMJyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8kdKcAOe9+2UNja3tnfKu5W9/YPDI/f4pG3STFPWoqlIdTcihgkuWQs4CNZVmpEkEqwTjRvzemfCtOGpfIKpYmFChpLHnBKwVt9173AgU8CBYlrhBq703apX8xbC6+AXUEWFmn33KxikNEuYBCqIMT3fUxDmRAOngs0qQWaYInRMhqxnUZKEmTBfXD7DF9YZ4DjV9knAC/f3RE4SY6ZJZDsTAiOzWpub/9V6GcS3Yc6lyoBJulwUZwJDiucx4AHXjIKYWiBUc3srpiOiCQUb1jwEf/XL69C+qvmWH6+r9YcijjI6Q+foEvnoBtXRPWqiFqJogp7RK3pzcufFeXc+lq0lp5g5RX/kfP4ARGSSIA==</latexit>
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<latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit>

A 6? C | B
<latexit sha1_base64="wIJ0DCbQiJzHd4XlXIadUGVV68c=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlRgRdVrvRXQV7gc5QMmmmDc0kIckIZezGV3HjQhG3PoY738ZMOwtt/eHAx3/OITl/JBnVxvO+naXlldW19dJGeXNre2fX3dtvaZEqTJpYMKE6EdKEUU6ahhpGOlIRlESMtKNRPe+3H4jSVPB7M5YkTNCA05hiZKzVcw+vYMCFgYEkSsI6DOCjretyz614VW8quAh+ARVQqNFzv4K+wGlCuMEMad31PWnCDClDMSOTcpBqIhEeoQHpWuQoITrMpgdM4Il1+jAWyhY3cOr+3shQovU4iexkgsxQz/dy879eNzXxZZhRLlNDOJ49FKcMGgHzNGCfKoING1tAWFH7V4iHSCFsbGZ5CP78yYvQOqv6lu/OK7XbIo4SOALH4BT44ALUwA1ogCbAYAKewSt4c56cF+fd+ZiNLjnFzgH4I+fzBzorlDw=</latexit><latexit sha1_base64="wIJ0DCbQiJzHd4XlXIadUGVV68c=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlRgRdVrvRXQV7gc5QMmmmDc0kIckIZezGV3HjQhG3PoY738ZMOwtt/eHAx3/OITl/JBnVxvO+naXlldW19dJGeXNre2fX3dtvaZEqTJpYMKE6EdKEUU6ahhpGOlIRlESMtKNRPe+3H4jSVPB7M5YkTNCA05hiZKzVcw+vYMCFgYEkSsI6DOCjretyz614VW8quAh+ARVQqNFzv4K+wGlCuMEMad31PWnCDClDMSOTcpBqIhEeoQHpWuQoITrMpgdM4Il1+jAWyhY3cOr+3shQovU4iexkgsxQz/dy879eNzXxZZhRLlNDOJ49FKcMGgHzNGCfKoING1tAWFH7V4iHSCFsbGZ5CP78yYvQOqv6lu/OK7XbIo4SOALH4BT44ALUwA1ogCbAYAKewSt4c56cF+fd+ZiNLjnFzgH4I+fzBzorlDw=</latexit><latexit sha1_base64="wIJ0DCbQiJzHd4XlXIadUGVV68c=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlRgRdVrvRXQV7gc5QMmmmDc0kIckIZezGV3HjQhG3PoY738ZMOwtt/eHAx3/OITl/JBnVxvO+naXlldW19dJGeXNre2fX3dtvaZEqTJpYMKE6EdKEUU6ahhpGOlIRlESMtKNRPe+3H4jSVPB7M5YkTNCA05hiZKzVcw+vYMCFgYEkSsI6DOCjretyz614VW8quAh+ARVQqNFzv4K+wGlCuMEMad31PWnCDClDMSOTcpBqIhEeoQHpWuQoITrMpgdM4Il1+jAWyhY3cOr+3shQovU4iexkgsxQz/dy879eNzXxZZhRLlNDOJ49FKcMGgHzNGCfKoING1tAWFH7V4iHSCFsbGZ5CP78yYvQOqv6lu/OK7XbIo4SOALH4BT44ALUwA1ogCbAYAKewSt4c56cF+fd+ZiNLjnFzgH4I+fzBzorlDw=</latexit><latexit sha1_base64="wIJ0DCbQiJzHd4XlXIadUGVV68c=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlRgRdVrvRXQV7gc5QMmmmDc0kIckIZezGV3HjQhG3PoY738ZMOwtt/eHAx3/OITl/JBnVxvO+naXlldW19dJGeXNre2fX3dtvaZEqTJpYMKE6EdKEUU6ahhpGOlIRlESMtKNRPe+3H4jSVPB7M5YkTNCA05hiZKzVcw+vYMCFgYEkSsI6DOCjretyz614VW8quAh+ARVQqNFzv4K+wGlCuMEMad31PWnCDClDMSOTcpBqIhEeoQHpWuQoITrMpgdM4Il1+jAWyhY3cOr+3shQovU4iexkgsxQz/dy879eNzXxZZhRLlNDOJ49FKcMGgHzNGCfKoING1tAWFH7V4iHSCFsbGZ5CP78yYvQOqv6lu/OK7XbIo4SOALH4BT44ALUwA1ogCbAYAKewSt4c56cF+fd+ZiNLjnFzgH4I+fzBzorlDw=</latexit>

A ? C | B
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Exercise: d-separation

In each BN, list all variables that are independent of A.

(a) (b)



Chapter 19: Undirected graphical models



Undirected graphical models
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Undirected graphical models
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Ising model





Chapter 20: Exact inference in graphical 
models



Belief propagation algorithm
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Treewidth and the junction tree algorithm



Approximate inference



a) Which network(s) can correctly represent p(Flavor, Wrapper, Shape)?
b) Which network is the best representation?
c) True/False: Network (i) asserts that p(Wrapper | Shape) = p(Wrapper).
d) What is the probability that your candy has a red wrapper?
e) In the box is a round candy with a red wrapper. What is the probability that the 

flavor is strawberry?
f) An unwrapped strawberry candy is worth x on the open market and anchovy is 

worth a. Write an expression for the value of an unopened candy box.








