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* Goal: Review filtering, and consider the continuous state case

* Motivational Application: Localization
* Bayes’ Filter

* Kalman Filter

e Extended Kalman Filter

* Particle Filter
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Localization

* Assume a map is given: m =

{ml' my, ..., mN}
* Location based: each m; represents a
specific location and whether it’s occupied
(eg. Occupancy grid)

* Feature based: each m; contains the
location and properties of a feature (eg.
lighthouses, GPS)
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Localization

* Assume a map is given: m = {m,m,, ..., my}
* Location based: each m; represents a specific location and whether it’s
occupied (eg. Occupancy grid)
* Feature based: each m; contains the location and properties of a feature (eg.
Topological map)

* Robot maintains and updates its belief about where it is with respect
to the map
 Position belief is updated based on sensor data
 Position belief is a probability distribution



Robot-Environment Interaction: Definitions

* State z;: includes the environment (eg. objects, features)
* Assume the state z; is complete / the Markov property

* Control data a;
* Usually decreases robot’s knowledge

Zt1 —— > Zt — >Zt41

* Probabilistic model of state evolution / /
At—1 at

* Transition probabilities
e System dynamics

* p(z¢|zi—q, ar-1)



Robot-Environment Interaction: Definitions

* Measurement data x;
* Increases robot’s knowledge

* Measurement equation:
* p(x¢lze)

— > Zt T TZt+1

Xt Xt+1



Prediction and Belief Distributions

* Prediction distribution:
* Robot’s prediction of the state before making an observation

bel(z;) = p(z¢lx1.6-1, A1.6-1)
 Belief distribution:
* Robot’s internal knowledge about the state

— > Zt T T Zts1

bel(Zt) = p(Ztlxl:t' al:t—l) &t / /

Ar—1 At

Xt Xt+1



Localization

m; .= (mi,x: mi,y)

bel(z;_1)
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Bayes Filter (Continuous)

* Robot and environment have state z,

* Initialize bel(z,) (eg. to be uniform or
dirac distribution)

* From z,, choose an action a,=2> robot
moves to z;

1. Predict the next state by computing
bel(z;) using dynamics
p(Z¢lzi—1, at—1)

2. Make an observation x4, and use it to
compute bel(z,)

* Repeat for z,, z3, ...

Zo — T Z1

- Z




Bayes Filter (Continuous)

* Robot and environment have state ¢ Bayes’ filter algorithm:

Z0
* |nitialize bel(z,) (eg. to be uniform or
dirac distribution) Input: bel(z;_1), a;_1, X;
Output: bel(z;)
* From z,, choose an action ay=> For every z;,

robot moves to z4

_ , Perform prediction:
1. Predict the next state by computing —
bel(z,) using d¥namics bel(z,) = [ p(z¢lac_1, ze—1)bel(ze_1)dze_

p(Z¢lZi—1, At -4 .
2. Make an observation x;, and use it Perform measurement update:

to compute bel(z;) bel(z,) = np(x¢|z,)bel(z,)

Return bel(z;)
* Repeat for z,, 75, ...



Bayes Filter (Continuous)

B * Bayes’ filter algorithm:
bel(x;) = p(z¢|x1:6-1, A1:6-1)

= [ p(2e|ze-1, %1:0-1, Q16— )P Zeo1 X101, a1:t—1)dzt‘1|nput' bel(Zt 1) At—1, Xt
. —_ ) — 1)

Theorem of total probability Output: bel(z;)
p() = | p(x,y)dx = [ p(yl)p(x)dx For every z,,

Perform prediction:
E(Zt) = fP(Zt|at—1»Zt—1)bel(Zt—1)dZt—1
Perform measurement update:

bel(z;) = np(xtlzt)ﬁ(zt)
Return bel(z;)



Bayes Filter (Continuous)

B * Bayes’ filter algorithm:
bel(x;) = p(z¢|x1:6-1, A1:6-1)

=:ffp((ztllzt—1; xl:t—)ll?1:t—1)p(zt—1|x1:t—)1l al:t—l)dZt—llnput: bel(Zt—l)) at_l’ xt
= ZilZ_1,As_ Zt—11X1:t—1, A1t - dze_
P(2|Ze-1, Q- 1)P(Ze—1|X1:6-1, A1ie-1) A2 Output: bel(z,)

Markov assumption For every Zzg,
Perform prediction:
bel(z,) = | p(z¢las—1, z¢—1)bel(ze—1)dz,_4
Perform measurement update:
bel(z,) = np(x¢|z;)bel(z,)
Return bel(z;)



Bayes Filter (Continuous)

B * Bayes’ filter algorithm:
bel(x;) = p(z¢|x1:6-1, A1:6-1)

=JJ:P((Zt||Zt—1»x1:t—)1;?1:t—1)p(zt—1|x1:t—)1» a1:t—1)dZt—1|nput: bel(zt_l), Ap_q1, X¢
= Ze|Ze_ 1, Qp_ Zi_1|X1.46-1, A1.4_1)dZ4_
p(Zelze—q, ar—1)0(Ze1]X1:621, Q1621 t—1 Output: bel(zt)
= fP(Zt|Zt—1»at—1)P(Zt—1|x1:t—1; Aq.t—2)AZp_q
For every z;,

aq_1 does not affect probability of z,_ Perform prediction;
bel(z,) = [ p(z¢|ac_1, ze—1)bel(z,—1)dz,_y
Perform measurement update:

bel(z;) = np(xtlzt)ﬁ(zt)
Return bel(z;)



Bayes Filter (Continuous)

B * Bayes’ filter algorithm:
bel(x;) = p(z¢|x1:6-1, A1:6-1)

= .;piztllzt—ltxl:t—;'Czl:t—l)p(zt—llxlzt—;' a1:t—1)dZt—1|nput: bel(zt_l), Ap_q1, X¢
= Ze|Zi_q, Qs Ze_1|X1.621,Q1.4-1)dZ4_
P(Zelze—q, ar_1)0(Ze—1|X1:021, Q1621 t—1 Output: bel(zt)
= fP(Zt|Zt—1»at—1)P(Zt—1|x1:t—1; Aq.t—2)AZp_q
For every z;,

= fp(Ztlzt—lrat—l)bel(zt—l)dzt—l - .
Perform prediction:
E(Zt) = fP(Zt|at—1»Zt—1)bel(Zt—1)dZt—1
Perform measurement update:

bel(z;) = np(xtlzt)ﬁ(zt)
Return bel(z;)



Bayes Filter (Continuous)

B * Bayes’ filter algorithm:
bel(x;) = p(z¢|x1:6-1, A1:6-1)

= .;piztllzt—ltxl:t—;'Czl:t—l)p(zt—llxlzt—;' a1:t—1)dZt—1|nput: bel(zt_l), Ap_q1, X¢
= Ze|Zi_q, Qs Ze_1|X1.621,Q1.4-1)dZ4_
P(Zelze—q, ar_1)0(Ze—1|X1:021, Q1621 t—1 Output: bel(zt)
= fP(Zt|Zt—1»at—1)P(Zt—1|x1:t—1; Aq.t—2)AZp_q
For every z;,

= fp(Ztlzt—lrat—l)bel(zt—l)dzt—l - .
Perform prediction:
E(Zt) = fP(Zt|at—1»Zt—1)bel(Zt—1)dZt—1

bel(z;) = p(z¢|x1.¢, a1.4-1)
Perform measurement update:

_ p(x¢Zt, X1:0-1, Q1.0 1)P (Ze| X120 -1, Ar:0—-1)

p(xe|x1:—1,A1:6—1) bel(z;) = np(xtlzt)ﬁ(zt)
Return bel(z;)

Bayes’ rule
p(y|x)p(x)
p(y)

p(xly) =



Bayes Filter (Continuous)

B * Bayes’ filter algorithm:
bel(x;) = p(z¢|x1:6-1, A1:6-1)

= .;piztllzt—ltxl:t—;'Czl:t—l)p(zt—llxlzt—;' a1:t—1)dZt—1|nput: bel(zt_l), Ap_q1, X¢
= Ze|Zi_q, Qs Ze_1|X1.621,Q1.4-1)dZ4_
P(Zelze—q, ar_1)0(Ze—1|X1:021, Q1621 t—1 Output: bel(zt)
= fP(Zt|Zt—1»at—1)P(Zt—1|x1:t—1; Aq.t—2)AZp_q
For every z;,

= [ p(z¢|z;—1, a;—1)bel(z;_)dz, _ o
S e Perform prediction:
E(Zt) = fP(Zt|at—1»Zt—1)bel(Zt—1)dZt—1

bel(z;) = p(z¢|x1.¢, a1.4-1)
Perform measurement update:

_ p(x¢Zt, X1:0-1, Q1.0 1)P (Ze| X120 -1, Ar:0—-1)

p(xe|x1:—1,A1:6—1) bel(z;) = np(xtlzt)ﬁ(zt)
Return bel(z;)

= np(x¢|z)p(Ze|X1.6-1, A1.6-1)

Markov property



Bayes Filter (Continuous)

B * Bayes’ filter algorithm:
bel(x;) = p(z¢|x1:6-1, A1:6-1)

= .;piztllzt—ltxl:t—;'Czl:t—l)p(zt—llxlzt—;' a1:t—1)dZt—1|nput: bel(zt_l), Ap_q1, X¢
= Ze|Zi_q, Qs Ze_1|X1.621,Q1.4-1)dZ4_
P(Zelze—q, ar_1)0(Ze—1|X1:021, Q1621 t—1 Output: bel(zt)
= fP(Zt|Zt—1»at—1)P(Zt—1|x1:t—1; Aq.t—2)AZp_q
For every z;,

= fp(Ztlzt—lrat—l)bel(zt—l)dzt—l - .
Perform prediction:
E(Zt) = fP(Zt|Zt—1»at—l)bel(zt—1)dzt—1

bel(z;) = p(z¢|x1.¢, a1.4-1)
Perform measurement update:

_ p(x¢Zt, X1:0-1, Q1.0 1)P (Ze| X120 -1, Ar:0—-1)

p(xe|x1:—1,A1:6—1) bel(z;) = np(xtlzt)ﬁ(zt)
Return bel(z;)

= np(x¢|z)p(Ze|X1.6-1, A1.6-1)

= UP(Xt|Zt)m(Zt)



Bayes Filter

* Continuous state space: Closed-form bel(z,) is unlikely. Need
discretization and interpolation

* Can discretize z;, but still must iterate through every z;
* Recall if z; has K possible values, each prediction and measurement update is
0(K?)
 Number of states is exponential in state space dimension

* If there are n state variables (e.g. x-position, y-position, 8 heading), and we
have M discrete points per variable, then K = M"



Bayes Filter

* Solution: exploit structure and/or make assumptions
* Parametric filters: assume a form for distributions

* Non-parametric filters: represent distributions using samples



Parametric and Non-parametric Filters

e Kalman Filter
* Parametric filter for linear systems and measurement models

* Extended Kalman Filter
* Extension to nonlinear systems and measurement models

e Unscented Kalman Filter
* (Somewhat) non-parametric filter

* Particle Filter
* Non-parametric filter
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Localization

m; .= (mi,x: mi,y)

&

(X¢—1,Ve—1,0¢-1), 2¢



Localization

m; = (M, miy)
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Kalman Filter

* Bayes filter with additional assumptions

1. Initial Gaussian belief

* bel(zp)~N(uo,Zo)
* Approximates single-modal distributions well

2. Linear system dynamics (transition model) with Gaussian noise

* Zt = AZt—l + Bat_l + €¢
* Noise is independent €,~N (0, R;)

3. Linear measurement model
* Xy = Cpzp + 6, 6,~N(0, Q¢)



Linear Systems




Linear Systems

Hu et al., 2018 \ :

(If flying near hover, and slowly)
Bouffard, 2012
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Gaussian Distributions

* Probability density function, scalar case:

_ 2
p(x) = (210%) 2 exp (—%(x s >~N(u,02)

* Probability density function, vector case:

1 1 00012
p(x) = det(2nX) 2 exp (— 5 (= wTE T (x - u)) ~N(w,%) |

0.0008 -
0.0006 |-

0.0004 -

0.0002 -




Key Properties Needed

* If X~N(u,X),and Y = AX + b, then
Y~N(Au + b, AZAT)

* If X;~N(uq,21), X;~N(up, Z;), and Y = X; + X;, then
Y~N(u + Uz, 21 +Z3)

* Product of Gaussian probability distribution functions is also Gaussian
* More complicated expression/derivation



Result of Assumptions and Gaussian
Distribution Properties

1. Gaussian initial belief:

_1 1 _
bel(zy) = p(zp) = det(2mZ,) 2 exp (‘ 5 (zo — 1o) " 251 (20 — #o))
2. Linear dynamics z; = Az;_y + Ba;_1 + €, €,~N (0, R;) implies
1

1 1 _
p(z¢|zi—1,ai—1) = det(2mR,) 2 exp (— > (zg — Az — Bay_1) "R (z; — Az — Bat—1)>

3. Linear measurement model x; = C;z; + 8;,6,~N (0, Q;) implies
1

1 1 _
p(x¢|z;) = det(2mQ.) 2 exp ) (x¢ — Ceze) TQ7 M (xy — Cizy)

* Result: Posterior belief bel(z;) is Gaussian for all ¢!
e Start with bel(zy)~N(uy, Zy), obtain bel(z;)~N (u, 2;) from bel(z;_1)~N(us—1,Z¢—1)
* Only the parameters u; and X; need to be updated to capture distribution over all z;



Kalman Filter

* Bayes’ filter algorithm:

Input: bel(z;_1), a;_1, X;

Output: bel(z;)

For every z;,
Perform prediction:
E(Zt) = fP(Zt|Zt—1» as—1)bel(z;_1)dz;_4
Perform measurement update:
bel(z,) = np(x¢|z,)bel(z,)

Return bel(z;)

e Kalman filter algorithm:

Input: ply—q, Zp—1, Up—1, X¢
Output: ug, 2
Perform prediction:

Perform measurement update:

Return g, 2;



Key Properties of Gaussian Distributions

* If X~N(u,X),and Y = AX + b, then
Y~N(Au + b, AZAT)

* If X;~N(uq,21), X;~N(up, Z;), and Y = X; + X;, then
Y~N(u + Uz, 21 +Z3)

* Linear dynamics: z; = Az;,_{ + Ba;_{ + €, €,.~N (0, R;)

* If zZ,_~N(us_1,2+—1) then z,~(1;, Z;), where
* A = Ape1 + Bag
¢ Zt — Azt_lAT + Rt



Kalman Filter

* Bayes’ filter algorithm:

Input: bel(z;_1), a;_1, X;

Output: bel(z;)

For every z;,
Perform prediction:
E(Zt) = fP(Zt|Zt—1» as—1)bel(z;_1)dz;_4
Perform measurement update:
bel(z,) = np(x¢|z,)bel(z,)

Return bel(z;)

e Kalmn filter algorithm:

Input: py—q, 2¢—1, Qp—1, X¢
Output: ug, 2

Perform prediction:
fe = Ape—1 + Bag_4
Zt — Azt_lAT + Rt

Perform measurement update:

Return g, 2;



Key Property of Gaussian Distributions

* Product of Gaussian probability distribution functions are also
Gaussian random variables

* More complicated expression/derivation

e Linear measurement model Gaussian  Gaussian

N(Cz,, Q, N( )
* xy = Cpzy + 8¢, 6,~N(0,Q;) ConSta\rjt (AZ C:) o

* Measurement update: bel(z;) = p(xt|zt)bel(zt)

* K; =2.C/ (CZCH + Q)

* U = Up T Kt(xt__ Cefle)
* X = (I — K. Cp)Xy



Kalman Filter

* Bayes’ filter algorithm:  Kalmn filter algorithm:

Input: bel(z;_1), a;_1, x¢ Input: pe_q, 2p—1, Ar—1, X¢

Output: bel(z;) Output: pg, X

For every z, Perform pr(_ediction:
Perform prediction: £ :_’il&t_l ZTBf”El
N t — t—1 t
bel(z,) = [ p(z|ze-1, a-bel(z-1)dZ-1 perform measurement update:
Perform measurement update: Ke = G (CeZe G + Q)71
bel(z;) = np(xtlzt)m(zt) He = e+ Kelxe Qtlzt)

Ly = (1 — KtCt)Zt

Return bel(Zt) Return u;, X;



Kalman Filter: Discussion

e “Kalman gain”:
* Ky = 32:C/ (G ZC + Q)71

* Update mean: u; = iy + Ky (xy — Cefit)
* K;(x; — Cji;) term compares actual x; and predicted measurement C¢ji;
e x; — C¢ iy is called “innovation”

e K, =~ 0 = observation is not useful (eg. Q; = © or X, = 0)
« K, =~ C[ 1 = prediction is not useful (eg. £, - )



Kalman Filter: Discussion

Possible advantages Possible disadvantages
* Only 0(n?) parameters to * Linear system dynamics /
update transition model
* 1 has O(n) parameters * Most systems are nonlinear
* ¥ has 0(n?) parameters
* Bayes filter has O(M™) e Gaussian distribution
* Closed form update formulas assumption
* Bayes filter requires numerical * Only unimodal situations can be

integration considered



Nonlinear Systems

* Almost all systems are nonlinear

- Amazon.com Inc

Wikipedia



Extended Kalman Filter

* Addresses the linear dynamics assumption
z = 9(Zt—1,0t-1) + €, €.~N(O, Ry)
xt —_ h(Zt) + 61:, 6t~N(O, Qt)

* Linearize the nonlinear maps

9(Ze_q,ai-1) = g(pe—1,Ae—1) + Vg1, Q1) (Ze—1 — He—1)

h(z.) = h(j.) + Vh(i,)(z — pie)
* Compatible with non-linear systems and nonlinear measurement models
e Gaussian initial belief implies Gaussian belief for all time



EKF algorithm

e Kalmn filter algorithm: * Extended Kalman filter algorithm:
* zp =Az_ 1 + Bayg_y + €, €,~N(O,Ry) e 7z =09z, ui_1) + €, €,~N(O,R,)
* x¢ = Ceze + 64, 6.~N(0, Q) * x¢ = h(z;) + 8, 6:~N(0, Q)

Input: te_q,2¢_1, Ap_1, Xt Input: pe—q, 21, U1, X¢

Output: u¢, Xt Output: u¢, 2t

Perform prediction: Perform prediction:

fe = A4 + Bag_4
Zt — Azt_lAT + Rt
Perform measurement update:
Ky = 2:C/ (C.Z.C/ + Q)™
te = iy + Ke(x¢ — gt.at) Return . 5
X = — K.CpZy Rt
Return u;, X,

Perform measurement update:



EKF Prediction

* Linear dynamics * Nonlinear dynamics
* 2, = Azt + Bay_1 + €, 6,~N(O,Ry) * 2, = g(Z4_1,a-1) + €, €,~N(O, R;)

* Linearized dynamics

* Z = g(Ue—q, Q1) + G (Zg—q — He—1),
Gy = Vg(e-1, A1)

* Kalman filter prediction * EFK Prediction

o iy = Au;_1 + Ba;_4 * iy = g(Ue—1,at-1)
¢ Zt —AZt 1AT +Rt ¢ Zt Gtzt 1Gt +Rt



EKF algorithm

e Kalmn filter algorithm: * Extended Kalman filter algorithm:
* X = Ax¢_1 + Buy_1 + €, €,~N(O,Ry) e z,=9(z,_,0,_1) + €,€,~N(0,R;)
* z¢ = Cexp + 6, 6:~N(0, Q) * xy = h(z;) + &, 6:~N(0,Q;)
* Linearization: G; = Vg(us_q1,a:-1), H; = Vh(ji;)
Input: Us_1,Z¢—1, U1, Z¢ Input: 1, 2¢—1, Ae—1, X¢
Output: ug, Xt Output: g, ¢
Perform prediction: Perform prediction:
fe = Ape—q + Bug_q e = 9g(We-1,a¢-1)
S, =A%, ;AT +R, Y = G 2i_1G! + R,
Perform measurement update: Perform measurement update:

K: = 5.C/ (C:Z.C/ + Q)™
ue = fie + Ke(z¢ — Cefiy)
Ly = (1 — KtCt)Zt

Return pug, ¢ Return u;, Xt



EKF Measurement Updates

e Linear measurement model * Nonlinear measurement model
* x¢ = Cezy + 64, 6:~N(0, Q¢) * x¢ = h(z¢) + 8¢, 6:~N(0, Q¢)

* Linearized measurement model

* h(z¢) = h(py) + He(ze — i),
H; = Vh(i;)

 Kalman filter measurement update * EFK measurement update
« K, =3,.C (C2.C + Q)71 * Ky = X H (HZ.H + Q)"
* U = Ut Kt(xt__ Ceite) * U = Ut + Kt(xt — h(ﬁt))
* X = (I — K CpZy e ¥, = -KH)Z,



EKF algorithm

 Kalmn filter algorithm: * Extended Kalman filter algorithm:
* 7y = Az 1+ Bag_q + €, €,~N(O,R,) * zt = g(z¢-1,ai-1) + €, 6,~N(0,Ry)
* X = Cpzp + 8¢, 6:~N(0, Q¢) « x, = h(z,) + &,,8,~N(0,Q,)
* Linearization: G; = Vg(us_q1,a:-1), H; = Vh(ji;)
Input: pe_1,Z¢_1, Ar—1, Xt Input: py_q,2¢_1, Ap_1, Xt
Output: u¢, Xy Output: u, X,
Perform prediction: Perform prediction:

ﬁ_t — A,th_l + Bat—l e = g(Ue—q,ae-1)
Ly = AZt_lAT + R, Ze = GeZi1Gf + R
Perform measurement update: Perform measur_emeTnt ulgdatg: »
Kt — ZtClT(CtZtClT + Qt)_l Kt = Z"15_1_11,“ (HtZth + Qt)
He = e + Ke(xp — Cefiy) pe = e + Ke(xe — hir))

= (I — K.H,)X
e = (I — K CZy Fo= (Rl

Return u;, Xt
Return u;, X,



EKF: transform Gaussian distributions

Unscented Kalman Filter using linearization

* Takes full knowledge of nonlinear dynamics
* No linearization
* Represents distributions using “Sigma points”
* Transforms sigma points using nonlinear dynamics

* Approximates distribution using sigma points

* Best fit Gaussian distribution given weights UKF: transforms sigma points and fits
Gaussian distributions




Particle Filter

* Non-parametric filter
* Probability distributions bel(z;_,) directly represented by samples

Zpq = {Zt,[l—]1}1i\il

* Prediction step: sample using dynamics
¢ Z_tgl]"’p (Zt‘at_l, ZIEL_] )
* Measurement update step: weighted resampling based on measurements

e Select M new particles from {Z_F]} with probability o Wt[i] =p (xt‘zt[i])



Particle Filter

* Bayes’ filter algorithm:

Input: bel(z;_1), a;_1, X;
Output: bel(z;)
For every z;,

Perform prediction:

E(Zt) = fP(Zt|at—1»Zt—1)bel(Zt—1)dZt—1
Perform measurement update:

bel(z;) = np(xtlzt)m(zt)
Return bel(z;)

* Particle filter algorithm:
* Represent bel(z;) with M samples

Input: Z;_1, Ar_1, Xt
Output: Z;
Perform prediction:

[i] [i]

_ . > _ (. i
Draw Z; " ~p (zt|at_1,zt_ ),l =1,..M > Z; ={zx }i=1

Perform measurement update:

Compute weights Wt[i] =p (xt|z‘£i]) ,i=1,..,.M

Resample M times from Z, — Z,; .
i l
* Each time, draw Z_P] with probabilityw—tm

Lt

Return Z;



