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Hidden Markov Models

Temporal Models

- The world changes over time

- Explicitly model this change using Bayesian networks
- Undirected models also exist (will not cover)

- Basic idea: copy state and evidence variables for each
time step
e.g. Diabetes management
+ z.is set of unobservable state variables at time ¢
+ bloodSugar:, stomachContents, ...
+ x.Is set of observable evidence variables at time t
- measuredBloodSugar;, foodEaten, ...
+ Assume discrete time step, fixed
« Notation: x,., = X4, Xg41, -+ Xp—1, Xp
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Markov Chain

« Construct Bayesian network from these variables
- parents? distributions? for state variables z;:

« Markov assumption: z, depends on bounded subset of z4.;
« First-order Markov process: p(z;|2,.t—1) = p(Z¢|z¢_1)
- Second-order Markov process: p(z;|z1.t—1) = p(Z¢|Zt_2,2¢_1)

z. z. Z. Z.

3 4

z, z, Z3 Zy

- Stationary process: p(z;|z;_,) fixed for all t



Hidden Markov Models Inference for HMMs Learning for HMMs

Hidden Markov Model (HMM)

« Sensor Markov assumption: p(x:|zy.t, X1.t—1) = p(x¢]2¢)

- Stationary process: transition model p(z;|z;_,) and
sensor model p(x;|z;) fixed for all t (separate p(z;))

« HMM special type of Bayesian network, z; is a single
discrete random variable:

iz1 izz iznl izn izn+1
* x; Xn_1 Xn Xny1
 Joint distribution:

P = @) | | pGilzoy | | plz

i=2:t i=1:t
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HMM Example

Ruy | P(RY)
t 0.7
- f 03 - -
Raing.q Raing Raing 41
Re | P(Uy)
1 09
f 02

mbrella;.; mbrellag

- First-order Markov assumption not true in real world
+ Possible fixes:

« Increase order of Markov process
« Augment state, add tempy, pressure;
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Transition Diagram

Az

Ass
- z, takes one of 3 values
- Using one-of-K coding scheme, z,;, = 1ifin state k attimen
- Transition matrix A where p(z, = 1|zp—1; = 1) = Ay
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Lattice / Trellis Representation

n-2 n-1 n n+1

 The lattice or trellis representation shows possible paths
through the latent state variables z,
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Inference for HMMs

Inference Tasks

Filtering: p(z;1x1.¢)
- Estimate current unobservable state given all observations
to date

Prediction: p(z,,|x1.;) forn > t
- Similar to filtering, without evidence
Smoothing: p(z,|x1..) forn <t
 Better estimate of past states
Most likely explanation: arg nzlaxp(zl:tlxl:t)
1:t

- e.g. speech recognition, decoding noisy input sequence



Inference for HMMs
Filtering
« Aim: devise a recursive state estimation algorithm:
P(Zey1lX1641) = f(xt+1'p(zt|x1:t))

P(Zes1|X1:641) = P@Zea1lX1:er Xes1)
= ap(Xevalx1.e, Ze4 P (Ze411%1:0) (Bayes rule)

=ap(xe111Ze4 1) Zeg11X1:6) (Markov assumption)

* i.e. measurement + prediction. Prediction by summing out z,:
P(Zes1lX1:641) = a0 (X¢1112¢41) Z P(Z+1, Ze|X1:e) (Marginalize)

Zt

= ap(x¢4112e41) z P(Zes1|Ze %100 (Z¢ | x1:¢) (Product rule)

z

t
ap(x¢411ze41) ) P(Zer1|z)p(ze|x1:c)  (Markov assumption)
Zt



Inference for HMMs

Filtering Example Prediction: ¥, p(R,|R)p(R1|U; = T)
0.7 X 0.818 + 0.3 X 0.182 (R, = T)

Prior: p(rain, = true) = 0.5 0.3 x0.818+ 0.7 x 0.182 (R, = F)

0.500 0.627
Measurement: p(R,|U; = o 300 /0'373 Measurement: p(R,|U, = T)
Normalize 8 § . 8 3 Eﬁi F) {g 1;2 8:113 Normalize gﬁ; X g:g Egi _ :“;
p(R,|U,) = p(U;|R)p(Ry)

P(U1)

¥ |

Umbrelfa Umbrellas

Re-1 | P(Ry) Rt |P(Uy
t 0.7 t 0.9
f 0.3 f 0.2

PCeaalien) = @pCiealzens) Y pCealzdp(zeln)

Zt
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Filtering - Lattice

a(zn-1,1) a(zn,1)

n-1 n
P(Zes1lX1:641) = ap(Xes11Zes1) Z P(Zes11z)p(Ze]x1.1)

Zt

= 0(K?) for each time step, O(NK?) for N time steps
Forward message passing: (7, 1) = P(xc4112e41) Bz, P(zes1l20)(2)
* a(z;) = p(xy.: 2z ); previous normalization constant can be dropped
* Initial condition: a(z,) = p(x1,2,) = p(xy|2,)p(2,)
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Smoothing

Z 2

X1 X2

- Divide evidence x;.; int0 x;.,y, Xp41:¢

p(znlxl-t) — p(xl:tlzn)p(zn) (Bayes rule)
. p(x1.t)
_ P(x1;n|Zn)P(xn+1:t|zn)p(zn) (Cond. indep.)
- p(x1:e)
= P (X1 Zn)P (Xn+1:¢12n) (Product rule)
p(xl:t)

p(x1.)
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Smoothing

Z 2

X1 X2

- Divide evidence x.; int0 xq., X116, P(Zn|x1:0) = nae(2,) B ()
- Backwards message another recursion:

P(Xns1:tlzn) = Z P(Xn1:60 Znt1l2n) (Marginalize)
ooty

ﬁ(zn) Zn+1

= Z P(Xnt1:tlZns1, 20D (Zns1120) (Product rule)
Zn+1

= Z POt Zna1 )0 (Zny1120) (Markov assumption)
Zn+1

= > PCnsalZns1 JpConnelZs DpGnsalz)  (Cond.indep)

\—’—l

Zn+1 B(zZn11)
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Smoothing

Z 2

X1 X2

- Final condition: go back 2 slides and setn =t

p(Z¢|x1:) = M
' p(x1:¢)
p(ze|x10) = p(X1.6,2¢) B(2¢)
. p(xl:t)

= p(z) =1



Inference for HMMs

@(z) =p@alzp@) gmoothing Example

From previous slide
0.500 0.607

p(z) 0.500 0873
alz) _ O.!ﬂ% O.JSB a(z;)
p(x1.1) p(z1l%1.1) o:;g O.;'w forward pCrg) p(z5]%1.2)
a(z)B(z;) o8& 0.883 I a(2)B(z)
; = Zy|Xq. [ ——
p(z11x1.2) e 0.1‘1? 0.1}17 p(231%1.2) )
» 0690 1.000 (2,)
v 0.410 1.000 backward /J7 Zy

Raing Rain,
! J

@ Umbrella.

B = Y plealz ) (2)p(aln)

Z2
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Smoothing

Z 2

X1 X2

- Backwards message another recursion:

B = D pCimaalns I )P sl )
L Zng I ' '
K-dim K-dim KXK
vector vector matrix

= 0(K?) for each time step, O(NK?) for N time steps
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Forward-Backward Algorithm

Z 2 Z _ Zn Z 4

nt1

X1 X2

« Filter from time 1 to N, and cache forward messages a(z,)
- Smooth from time N to 1, and cache backward messages

B(zn)

« Can now compute p(z,|xq, x5, ..., x;) foralln
Total complexity O(NK?)
+ a.k.a Baum-Welch algorithm
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HMM Parameters

« The parameters of an HMM:
- Transition matrix A where p(zpy, = 1|z,-1; = 1) = Ay,
- Sensor model ¢, parameters to each p(x, |z, = 1, Py) (..
¢y could be mean and variance of Gaussian)
- Prior for initial state z;, model as multinomial
p(z1x = 1) = my, parameters T

« Call these parameters 8 = (A, m, ¢)

« Learning problem: given one sequence x, find best 8

« Extension to multiple sequences straight-forward (assume
independent, log of product is sum)
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Maximum Likelihood for HMMs

+ We can use maximum likelihood to choose the best
parameters:

0, = argmax p(x|0)

- Unfortunately this is hard to do: we can get p(x|8) by
summing out from the joint distribution:

ZCOEDIIE Zp(x 2,2, ., 216)

Z1 Zz

=D p(x2l0)

z
« But this sum has K" terms in it
- No simple closed-form solution

- Instead, use expectation-maximization (EM)
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EM for HMMs

- Start with initial guess for parameters 8°'¢ = (A, m, ¢)
E-step: Calculate posterior on latent variables p(z|x, 8°'¢)

Forward-backward algorithm

Ez~p(Z|X, §oid) [In p(x, z|6)]

. M-step: Maximme, 6°'4) = ¥, p(z|x,0°'*) In p(x, 2|6) wrt 6
+ Let's look at the M-step, and see how the HMM structure
helps us
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HMM M-step

- M-step: Maximize Q(0,8°'4) = ¥, p(z|x, 0°'*) In p(x, z|) wrt 6:

- The complete data log-likelihood factors nicely:

N N
Inp(x,216) = In {p(znn) [ [peutzwm] [pealz ¢)}
i=2 i=1

N N
= Inp(alm) + ) Inpalziy,A) + ) Inplz,¢)
i=2 i=1

« Tomaximize Q we now have 3 separate problems, one for
each parameter

« Let’s consider each in turn
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Prior

+ Maximize Q wrt prior on initial state m:
Q(m, 6°1) = Zp(z|x,9"ld) Inp(z,|m)
z K

= Z p(z|x,0°4) In 1_[ Tk

z K k=1

= Z p(z|x,6°4) Z Zy Inmy
z k=1

K
In Z p(z|x,0°14) 2y,

)

p(z1 = 1|x,6°4)In
=1

« i.e. smoothed value for z; being in state k
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K
Q(m,6°4) = Z p(z1x = 1|x,0°4)Inm,
k=1

+ Can solve for best
+ Use Lagrange multiplier to enforce constraint ), m,, = 1

p(zlk = 1|x,0°ld)
25'{=1 p(le = 1|x, BOld)

T, =

« Intuitively sensible result: new m;, is smoothed probability of
being in state k at time 1 using old parameters

- E-step needs to calculate smoothed p(z;;, = 1|x, 8°'4);this
is fast O(NK?)
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Transition Matrix A

« Maximize Q wrt transition matrix A:

Q(A 0"“1) Zp(z|x GOId)Zlnp(zllzl 1,A)

Zp(z|x 9"”)2 lnl_[ HAZL LiEik

N K K

Z p(z|x, QOld) Z Z Z Zi—l,jZi,k lnA]k

i=2 k=1j=1

=

N

Z In Aj Z Z p(z|x, 9°ld)zi_1,jzi_k

=1j= i=2 z
]K

K N
ZlnA]kZp(zi_l =j,z= k|x,9”ld)
i=2

=1j=1 =

Il
g
I

- E-step needs to calculate p(z;_, = j, z; = k|x, 6°'¢); can
be done quickly using forward and backward messages
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K K N
Q(A, 0"“1) = Z ZIHAijp(Zi_l =j,z = k|x,9°ld)
k=1j=1 2

i=

+ Can solve for best A
+ Again use Lagrange multipliers to enforce constraint ¥, Aj, = 1

=2 P(Zn—1 =j,z, = k|x, 0‘”")
5:1 Zgzz P(Zn—1 =J,zy = llx, 001‘1)

Ajk =

- Again sensible result: 4;; set to expected number of times
we transition from state j to k using the smoothed results
from old parameters
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Sensor Model

- Similar derivation for sensor model parameters ¢

+ Again end up with weighted parameter estimated based on
expected values of states given smoothed estimates
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HMM EM Summary

- Start with initial guess for parameters 0°'¢ = (A, m, ¢)
« Run forward-backward algorithm to get all messages

a(zy), B(zy) (E-step)
« O(NK?) time complexity
- Can use these to compute any smoothed posterior
p(zn = 1|x,0°)
- Also can compute any p(zn, = 1,2y, = 1|x,8°4)

- Using these, update values for parameters (M-step)

» 1. is smoothed probability of being in in state k at time 1

* Aj, is smoothed probability of transitioning from state j to k
averaged over all time steps

- ¢ is weighted sensor parameters using smoothed
probabilities (e.g. similar to mixture of Gaussians)

+ Repeat until convergence
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Inference Tasks

Filtering: p(z;1x1.¢)
- Estimate current unobservable state given all observations
to date

Prediction: p(z,,|x1.;) forn > t
- Similar to filtering, without evidence
Smoothing: p(z,|x1..) forn <t
 Better estimate of past states
Most likely explanation: arg nzlaxp(zl:tlxl:t)
1:t

- e.g. speech recognition, decoding noisy input sequence
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Sequence of Most Likely States

- Most likely sequence is not same as sequence of most
likely states:

argmaxp(zq.y|x1.n)
Z1:N
versus

(arg maxp(z|x1.x), ..., argmaxp(zy le:N))
Z ZN
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Paths Through HMM

-0 o o

n—2 n—1 n n+1

« There are K" paths to consider through the HMM for
computing
argmaxp(zl:lel:N)
Z1:N

- Need a faster method
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Viterbi Algorithm

n—2 n—1 n n+1

« Insight: for any value k for z,,, the best path
(z1,25,..,2, = k) ending in z,, = k consists of the best path
(z1,23,..,2n_1 = j) for some j, plus one more step
- Don'’t need to consider exponentially many paths, just K at
each time step
- Dynamic programming algorithm — Viterbi algorithm
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Viterbi Algorithm - Math
k= 1D D D .

k=3
. n—2 n—1 n n+1
- Define message
w(n, k) = max p(xy,..,Xn, Zq, ., Zy = k)
Z1ye0Zn—1

- From factorization of joint distribution:
W(?’l, k) = 2 mEZlX p(xl' o Xpn-1,21, ---;Zn—1)P(xn|Zn = k)p(zn = klzn—l)
1rmé4n—1

=max_max p(xin-1,Z1n-1)P (X020 = K)p(2, = klzp—1)
Zn-1 Z1,-vZn-2

= m]aXW(n =1L Dp(xylzy, = K)p(z, = klzp—1 =)
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Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing
state true true true true true
space

th
patns false false false false false
umbrella true true false true true

.8182
most
likely <
paths 1818

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos Jlr] o2 p(raing= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1,vZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)
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Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing
state true true true true true
space

th
patns false false false false false
umbrella true true false true true

.8182 - .5155
most
likely < 7
paths 1818

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos Jlr] o2 p(raing= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1,vZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)
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Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing
state true true true true true
space <

h
paths false false false false false
umbrella true true false true true

.8182
most
likely <
paths 1818 .0491

Rt [P(Ry | [ReP(Uy
0.7 t 0.9
Flos Jlr] o2 p(raing= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)

Z1,vZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)
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Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing
state true true true true true
space

th
patns false false false false false
umbrella true true false true true

8182 - .5155
most
likely < Y
paths 1818 0491

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos Jlr] o2 p(raing= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1,vZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)
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Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing

state
space
aths
P false false false false false

umbrella false

8182 =t 5155 |- .0361
most
likely < Y 7
paths 1818 0491

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)
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Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing

state
space
aths
P false false false false false

umbrella false

8182 - .5155
most
likely < Y
paths 1818 0491 1237

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)
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Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing
state
space
th
patns false false false false false
umbrella false

8182 =t 5155 - .0361
most
likely < Y :
paths 1818 0491 1237

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)



Hidden Markov Models - Most Likely Sequence

Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing

state
space
aths
P false false false false false

umbrella false

8182 =t 5155 - .0361 .0334
most
likely < Y :
paths 1818 0491 1237

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)



Hidden Markov Models - Most Likely Sequence

Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing
state
h:
paths false false false false false
umbrella false
.8182 v .5155 +.0361
most
likely < Y :
paths .1818 .0491 1237 0173
Re-1 | P(RY) Rt B (Uy)
t 0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1)wZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)



Hidden Markov Models - Most Likely Sequence

Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing

state
space
aths
P false false false false false

umbrella false

.8182 + 5155 - .0361 .0334
most

likely < : :

paths .1818 .0491 1237 0173

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)



Hidden Markov Models - Most Likely Sequence

Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing

state
space
aths
P false false false false false

umbrella false

.8182 + 5155 - .0361 .0334 L 0210
most

likely < Y : 7

paths .1818 .0491 1237 0173

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)



Hidden Markov Models - Most Likely Sequence

Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing

state
space
aths
P false false false false false

umbrella false

.8182 + 5155 - .0361 .0334

most

likely < : :

paths .1818 .0491 1237 . .0173 .0024

Re-1 | P(Ry) Rt B (Uy)
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)



Hidden Markov Models - Most Likely Sequence

Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing

state
space
aths
P false false false false false

umbrella false

.8182 + 5155 - .0361 .0334 {—pt-.0210
most
likely < : :
paths .1818 .0491 1237 + 0173 - .0024

Rei PRy | [ReB (0D
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)

Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)



Hidden Markov Models - Most Likely Sequence

Viterbi Algorithm - Example

Rain, Rain, Raing Rainy Raing

state
space
aths
P false false false false false

umbrella false
8182 - 5155 .0361 0334 =t .0210
most
likely \
paths .1818 .0491 1237 0173 .0024
Re-1 | P(Ry) Re B (Uy)
0.7 t 0.9
Flos [Lf] o2 p(rainy= true) = 0.5
w(n, k) = max p(xy,., X 21, ) 2Zn = k)
Z1ymmZn—1

= maxw(n — 1, ))pCenlzn = )p(zn = klzn-1 =)



Hidden Markov Models - Most Likely Sequence

Viterbi Algorithm - Complexity

- Each step of the algorithm takes 0(K?) work
- With N time steps, 0(NK?) complexity to find most
likely sequence

« Much better than naive algorithm evaluating all K¥ possible
paths



Learning for HMMs

Conclusion

Readings: Ch. 13.2,13.2.1, 13.2.2,13.2.5
HMM - Probabilistic model of temporal data
- Discrete hidden (unobserved, latent) state variable at each time

- Observation (can be discrete / continuous) at each time
- Conditional independence assumptions (Markov)
« Assumptions on distributions (stationary)

Inference
- Filtering
+ Smoothing
+ Most likely sequence (next)

Maximum likelihood learning

« EM - efficient computation 0 (NK?) time using forward-
backward smoothing

Most likely sequence in HMM
- Viterbi algorithm — 0 (N K %) time, dynamic programming algorithm



