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Notation
* Sets of numbers: Z, R, R™", R"**™ R, C"

 Membership and Quantifiers: €, ¢, Vv, 3, 3!
*x€ES,YES
VxeRIAlyeRXx+y=0
cedx eRVYERX+y=0

* Implications and negation: =, &, &, —
cz€ES,=z€S, ygSe a(yes)
*p=>qgandp & gmeansp & q



Basis

* Let vy, vy, ..., U, be vectors in R™

* They are linearly independent if and only if
a1V + v+t apr, =020, =a, = =a, =0




Basis

* Let vy, vy, ..., U, be vectors in R™

* They are linearly independent if and only if
a1V + v+t apr, =020, =a, = =a, =0

* A set of vectors B = {bq, by, ..., b, } is a basis of R™ if and only if
* Vv € R*, 34, @y, ...,a, € Rsuchthatv = a;b; + a,b, + -+ a, by,
* {by,b,, ...,b,}is alinearly independent set of vectors

* Bases of R?:

Aol LAY



Linear Maps

* Represented by a matrix A € R™*", if input and output are vectors
e A:v - Av
* Operates on a vector v € R"; outputs w = Av € R™

* Linearity: A(a,v; + a,v,) = a;A(wy) + a, A(v,)
* for all scalars a, a, € R, vectors v, v, € R"



Linear Maps

* Represented by a matrix A € R™*", if input and output are vectors

e A:v - Av
* Operates on a vector v € R"; outputs w = Av € R™

* Linearity: A(a,v; + a,v,) = a;A(wy) + a, A(v,)
* for all scalars a, a, € R, vectors v, v, € R"

* Range space: R(A) ={w|w=AW),v e R} € R™

* Also known as the image of A

* Null space: N(A) ={v| Av =0} € R"

e Also known as the kernel of A



Linear Maps

* Example: A = E i ;]
* R(A) = span ([ﬂ) = all vectors in the form lﬂ ,t ER

* In general, the range of a matrix is given by all linear combinations of its columns



Linear Maps

* Example: A = E i ;]
* R(A) = span ([ﬂ) = all vectors in the form [ﬂ ,t ER
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Linear Maps

* Example: A = E i ;]
* R(A) = span ([ﬂ) = all vectors in the form [ﬂ ,t ER

* In general, the range of a matrix is given by all linear combinations of its columns

w=am|3} 1]

* Matlab:
* A=sym([1 4 2; 1 4 2]);
* colspace (A)
* null (A)
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* We use A to denote the map in this case
* These maps may be linear!
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Linear Maps

* In general, an operator A may not have vectors as inputs and outputs
* We use A to denote the map in this case
* These maps may be linear!

* Consider the map A:as®* +bs+c - cs?> +bs+a
* Maps quadratic functions to quadratic functions
* Input and outputs are functions

* |s the above map linear?
e Letv; = a;5% + bys + ¢y, v, = ays° + bys + ¢
* Check whether A(av; + a,v,) = Ay A(vy) + a, A(v,)



Linear Maps: Example 1

* Consider the map A:as® +bs+c - cs?> +bs+a
* Is the above map linear?
e Letv; = a;s% + bys + ¢y, v, = ays? + bys + ¢
* Check whether A(a,v; + a,v,) = a;A(v1) + ay,A(v,)

A(ayv; + ayv,) = A(aya,5% + ajbys + ajcq + a,a,5% + azbys + aycy)
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Linear Maps: Example

* Consider the map A:as® +bs+c - cs?> +bs+a
* Is the above map linear?
e Letv; = a;s% + bys + ¢y, v, = ays? + bys + ¢
* Check whether A(a,v; + a,v,) = a;A(v1) + ay,A(v,)

A(ayv; + ayv,) = A(aya,5% + ajbys + ajcq + a,a,5% + azbys + aycy)
= A((aya; + a,a;)s% + (a1by + azby)s + (arc1 + aycy))
= (aycq + aycy)s? + (a by + ayby)s + (aaq + aya,)
= ay,¢18% + a;bys + ayay + aycys? + aybys + aya,

= a1 A(Vy) + ayA(vy)



Linear Maps: Example

* Consider the map A:as® +bs+c - cs?> +bs+a
* Is the above map linear?
e Letv; = a;s% + bys + ¢y, v, = ays? + bys + ¢
* Check whether A(a,v; + a,v,) = a;A(v1) + ay,A(v,)

A(ayv; + ayv,) = A(aya,5% + ajbys + ajcq + a,a,5% + azbys + aycy)
= A((aya; + a,a;)s% + (a1by + azby)s + (arc1 + aycy))
= (aycq + aycy)s? + (a by + ayby)s + (aaq + aya,)
= ay,¢18% + a;bys + ayay + aycys? + aybys + aya,

 Therefore, the map is linear
P = a1 A(Vy) + ayA(vy)



Linear Map Properties

* Matrix inverse
« System of equations, Ax = b, A € R**"
e Solution: x = A~ 1b, if a solution exists
* However, try not to do this in Matlab. Instead, use x=A\b

« fA = lccl d]' then A71 = adibc _dc _ab]

e A is singular if it does not have an inverse
* Columns of A are not linear independent & A is singular

* Non-commutative in general
» A(B(x)) # B(A(x))



Linear Map Properties

 Matrix determinant
e IfA = [a b],thendetA=ad—bc
c d

(a+c,b+d)

(0,0)
a b c

3 i ]j,thendetA=adet([Z ﬂ)—bdet([g ﬂ)

* Can be defined recursively

*IfA=

 detd = 0 & Aissingular

+cdex (|

d e
gh)

ri+r3

r1+r2+r3



Linear Map Properties

* Let A be alinear map fromU — V, and b € V, then
* Au = b has at least one solution < b € R(A)

* If b € R(A), then

* Au = b has a unique solution © N(A) = {6, }
* Let xy be suchthat Axy = b. Then,Ax = b & x — xy € N(A)



Norms

* Anormisamap ||-||: V = R, satisfying
* Yvi,v, €V, ||lv; + vyl < |yl + ||v,]] (triangle inequality)
s Va e Rv eV |av| = |all|lv||
YveV|v||=0sv=2=0y



Norms

* Anormisamap ||-||: V = R, satisfying
* Yvi,v, €V, ||lv; + vyl < |yl + ||v,]] (triangle inequality)
s Va e Rv eV |av| = |all|lv||
YveV|v||=0sv=2=0y

e Examples in R"

X

X

X

1 = 2iqlxi] (“1-norm”, or “I; norm”)
1

2 = (Z?:l Xiz)z (“2-norm”, or “l, norm”)
1

» = (Zieqx) )P (“p-norm”, or “L, norm”)
o = max;|x;| (“e-norm”, or “lo, norm”



Norms

 Anormisamap ||-||: V = R, satisfying
* Yvy,v, €V, |lv; + vyl < |lvill + l|vy]] (triangle inequality)
*Va e Rv eV |av| = |al|v|
cYVveV,|v||=0ev=_~0y

* Examples in R™*"

A

A
A

a = ﬁ12?=1|aij|

1
F= (Z{le}f‘ﬂ al-zj)z (“Frobenius norm”)
b = maxi,jlaijl



Norms

 Anormisamap ||-||: V = R, satisfying
* Yvy,v, €V, |lv; + vyl < |lvill + l|vy]] (triangle inequality)
*Va e Rv eV |av| = |al|v|
cYVveV,|v||=0ev=_~0y

 Examples for continuous functions f: [ty, t;] = R"

f

f
f

;= fti)1||f(t)||dt, where ||f (t)|| is any of the vector norms from before

1

t o ” {o" 7
, = (ftol||f(1,“)||2dt)2 (“2-norm”, or “l, norm”)

o = max{||f (), t € [to, t;]} (“c0-norm”, or “l, norm”)



Induced Norms

* Let A be a linear operator. Then, the induced norm of A is defined as

1Ax]l,
[A]lp,; = sup
P xX+0 ”x“p

* Properties
* [14]l1,; = max; {’;1|aij| (maximum column sum)

1
* |[Allz; = max; eig(AT A)z (maximum singular value)

* Al = maXZ}l=1|aij| (maximum row sum)
l



Eigenvalues and Eigenvectors

* Eigenvalues:

* If there is some vector e and scalar A such that Ae = Ae, then e is called the
eigenvector corresponding to eigenvalue A of the matrix 4

0
e Example: 4 = [ ]
3p0 17 O'21 ‘
.202202=IOZ=30 Tﬂ
JBOOIOTZ 01250 e
0 2111 |2 1.

 When a matrix is applied to eigenvectors, the effect is simple!



Eigenvalues and Eigenvectors

0
e Example: 4 = [ ]
3p0 17 O 2'1' ‘
. 0 2 IOI - IOI _3IOI T =
3OO 012 5[0 - e
0 2111 |2 1.

* When a matrix is applied to eigenvectors, the effect is simple!

* What if the matrix is applied to another vector?

o 2llal=lo 2l (ol +2[D)



Eigenvalues and Eigenvectors

* Example: 4 = [O O] ‘
3 0711171 _ 3] (17
0 2 IOI - IOI =3 IOI T =
I3 OIO1Z (01250 -
0 21111 12 1.

* When a matrix is applied to eigenvectors, the effect is simple!

* What if the matrix is applied to another vector?

o 2llI=lo 2ol +2[iD=1lo llol+2[o I3l



Eigenvalues and Eigenvectors

* Example: 4 = [O O] ‘
3 0711171 _ 3] (17
0 2 IOI - IOI =3 IOI T =
I3 OIO1Z (01250 -
0 21111 12 1.

* When a matrix is applled to eigenvectors, the effect is simple!

[3 SIBH?) Aol +2[D =[5 Mol +2[; 3][(1’l=[3l+2[3]=[ﬂ

* Looks silly, but we can apply the same idea for more complex matrices



-

Eigenvalues and Eigenvectors,
,»'" —>

* Geometric interpretation:
e Ax = A(a161 ~+ azez) = alAel + aerz = al;{el + az;{ez

* Negative eigenvalues = reflection
* Complex eigenvalues = rotation



Eigenvalues and Eigenvecto?
,*":’

* Geometric interpretation:
« Ax = A(a e + aye,) = a;Aeq + a,Ae, = ayde; + a,le,
* Negative eigenvalues = reflection
* Complex eigenvalues = rotation

* Property: det A = the product of eigenvalues
* RecalldetA = 0 & A is singular
If det A = 0, then there must be an eigenvalue that’s 0
e Ae =0,so0e € N(A)
Any vector in the direction of e gets scaled by a factor of 0

Example: A = H ;



Eigenvalues and Eigenvectors

e DefineT 1 =[e1 e - ey]
a

e Then, AT™1 =T~ 1A, where A = A2

An

* So, A = T~ 1AT. This is a similarity transform




Eigenvalues and Eigenvectors

e DefineT 1 =[e1 e - ey]
a _

e Then, AT™1 =T~ 1A, where A = A2

An

* So, A = T~1AT. This is a similarity transform.
* Define z = Tx, and we have Ax = T 1ATx = T~ 1Az
* In the coordinate system obtained from applying transformation T, the map A4 is
diagonal

* To ?btain the result of applying A in the original coordinate system, transform back with
T-



Obtaining Eigenvalues and Eigenvectors

 Hand calculation: A = [_23 _23]

* Eigenvalues  , _ ;.



Obtaining Eigenvalues and Eigenvectors

 Hand calculation: A = [_23 _23]

* Eigenvalues  , _ ;.
Ae —Ale =0
(A—ADe =0

This means the matrix A — Al
has an eigenvalue of 0



Obtaining Eigenvalues and Eigenvectors

 Hand calculation: A = [_23 _3]

2
. Elgenvalues Ae = le SolveforAindet(A—AI) =0
Ae — Ale =0 22 3 ~ B ) o
(A—ADe=0 det( 1 2_,1])—(2 N2-2)-9=0

— 1=+
This means the matrix A — Al 2-A1=43

has an eigenvalue of 0 A=2x3=-1or5



Obtaining Eigenvalues and Eigenvectors

 Hand calculation: A = [_23 _3]

2
* Eigenvalues Ae = Je Solve for Aindet(A —AI) =0
Ae —Ale =0 2—-1 3
det =2-41H2-1)—-9=0
(A—ADe =0 ( -1 2 —,1]) @-DE-4
This means the matrix A — Al 2-4=43
has an eigenvalue of 0 A=2x3=-1or5

* Eigenvectors

/1=—1:[_33 _33]e=0:>e=[ﬂ



Obtaining Eigenvalues and Eigenvectors

 Hand calculation: A = [_23 _3]

2
* Eigenvalues Ae = le Solve for Aindet(A —AI) =0
Ae —Ale =0 2—1 3
det =2-1)2-41)—-9=0
(A—ADe =0 ( -1 2 —,1]) 2=-D2-4
This means the matrix A — Al 2-A=143
has an eigenvalue of 0 A=24+3=-15

* Eigenvectors

== Fle=o=e[l 153 e-ome-[



Obtaining Eigenvalues and Eigenvectors

 Hand calculation: A = [_23 _3]

2
* Eigenvalues Ae = le Solve for Aindet(A —AI) =0
Ae —Ale =0 2—-1 3
det =2-1)2-1)-9=0
(A—ADe =0 (—1 2—,1]) @2=D2=4)
— 1=+
This means the matrix A — Al 2-A=43
has an eigenvalue of 0 A=2+£3=-15
* Eigenvectors
_ 4.3 =31, _ ! =73 =31 _ 11
1=-u[5 Fle=ooe=]] 1=5:|Ty Tfe=0=e=[ ]

* Matlab: eig(A)



Generalized Eigenvalues and Eigenvectors

* Not all matrices are diagonalizable

A81 = /161
Aez = /182
A63 == 183
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Generalized Eigenvalues and Eigenvectors

* Not all matrices are diagonalizable

A81 = /161 Av1 = /11)1 + €1 AW1 = AW]_ + V1
Aez = /182 sz = /1172 + €
A63 == 183



Generalized Eigenvalues and Eigenvectors

* Not all matrices are diagonalizable 3 i (1)
_ -1_10 0 A
A81 = /161 Av1 = /11)1 + €1 AW1 = AW]_ + V1 ] =TAT N A 1
Aez = /182 sz = /1172 + € 0 A
Ae3 == 183

A

T-l=[e1 v1 wi e v, e3]




Generalized Eigenvalues and Eigenvectors

* Not all matrices are diagonalizable 3 i (1)
_ -1_10 0 A
Ae, = Ae, Avy, = v, + e, 0 2
Ae3 == 183

T l=[e1 vi wi ey v e3]
* This is the matrix structure for one eigenvalue

* There may be more than one such blocks in general

* All matrices can be put into Jordan form




Functions of Matrices

» Consider a polynomial of a matrix, f(4) = A*
« A= (1YY = (Y1) T~YT) (T7YT)... (T~YT) = T~J*T
* Adjacent T matrices and inverse cancel!

* This motivates general functions of matrices, like f(A) = sin 4,

defined through Taylor series

3 5 7
* Sin4 = A—A—+A—|—%+



Functions of Matrices

A 1 '
e Suppose | = A . n
) AR
f@ F@ -
« Then, () = f s
')
fQ) |

« And f(A) =T f())T,where A =T~ YT
. T?Zrefore, we also have that the eigenvalues of f(A) are {f (1)}, where {1} are eigenvalues
0



Linear Maps

* How about A:as? + bs + ¢ — fOS(bt + a)dt?



