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• A system is stable in the sense of Lyapunov if ∀𝜖 > 0, ∃𝛿 𝜖 > 0 such 
that 

𝑥0 − 𝑥𝑒 < 𝛿 𝜖 ⇒ ∀𝑡 ≥ 𝑡0, 𝑥 𝑡 − 𝑥𝑒 < 𝜖
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Lyapunov Stability Main Result

• Let 𝑥 = 0 be an equilibrium point

• Suppose there is a function 𝑉 𝑥 :ℝ𝑛 → ℝ such that 
𝑉 𝑥 = 0 if and only if 𝑥 = 0,

𝑉 𝑥 > 0 if and only if 𝑥 ≠ 0.

• If for all 𝑥 ≠ 0, ሶ𝑉 𝑥 = ∇𝑉⊤𝑓 𝑥 ≤ 0, then 𝑥 = 0 is 
stable in the sense of Lyapunov

• If for all 𝑥 ≠ 0, ሶ𝑉 𝑥 = ∇𝑉⊤𝑓 𝑥 < 0, then 𝑥 = 0 is 
asymptotically stable

• 𝑉(𝑥) is called a Lyapunov function
Key linear algebra fact: Given two vectors 𝑎 and 𝑏, separated by an angle of 𝜃,

𝑎⊤𝑏 =෍

𝑖

𝑛

𝑎𝑖𝑏𝑖 = 𝑎 2 𝑏 2 cos 𝜃

Proof: https://en.wikipedia.org/wiki/Dot_product
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Lyapunov Stability Example in ℝ2

• Damped mass spring system
• Newton’s laws:

• Assume 𝑚 = 1, 𝑢 = 0

• Define state space representation: Let 𝑥1 = 𝑥, 𝑥2 = ሶ𝑥

• Equilibrium point:

• Is this stable?

• Intuition: 
• The origin is stable because there is friction

• Friction causes the energy of the system to decrease, until no energy remains

𝐹 = 𝑚𝑎 = 𝑚 ሷ𝑥 𝑚 ሷ𝑥 = −𝑘𝑥 − 𝑏 ሶ𝑥 + 𝑢

𝑢

𝑏

ሷ𝑥 = −𝑘𝑥 − 𝑏 ሶ𝑥

ሶ𝑥1 = 𝑥2
ሶ𝑥2 = −𝑘𝑥1 − 𝑏𝑥2

ሶ𝑥1 = 0 ⇒ 𝑥2 = 0
ሶ𝑥2 = 0 ⇒ 𝑥1 = 0



Lyapunov Stability Example in ℝ2

• Let 𝑉 𝑥1, 𝑥2 =
1

2
𝑘𝑥1

2 +
1

2
𝑥2
2

• Potential energy plus kinetic energy

ሶ𝑉 𝑥1, 𝑥2 = ∇𝑉⊤𝑓 𝑥

= 𝑘𝑥1𝑥2 − 𝑘𝑥1𝑥2 − 𝑏𝑥2
2

= −𝑏𝑥2
2

⇒

< 0 for all 𝑥 ≠ 0,0

= 𝑘𝑥1 ሶ𝑥1 + 𝑥2 ሶ𝑥2

=
𝜕𝑉

𝜕𝑥1

𝜕𝑉

𝜕𝑥2

ሶ𝑥1
ሶ𝑥2

𝑢

𝑏



Lyapunov Stability: Discussion

• What if there is control? ሶ𝑥 = 𝑓 𝑥, 𝑢
• Need at least one control that makes 𝑉 non-increasing

• Advantages
• Direct nonlinear analysis
• “Global” result
• “Region of attraction”: the region where 

ሶ𝑉 𝑥 ≤ 0

• How to find a Lyapunov function?
• Intuition  Guess something that works
• Computational techniques 

• Optimization 
• Optimal control



Feedback Stabilization by Backstepping

• Given control affine dynamics ሶ𝑥 = 𝑓 𝑥 + 𝑔 𝑥 𝑢, design control 
policy 𝑢 = 𝛼 𝑥 such that 𝑥 = 0 is asymptotically stable.

• Take a Lyapunov approach
• Suppose we have a stabilizing control policy and Lyapunov function for 

ሶ𝑋 = 𝐹 𝑋 + 𝐺 𝑋 𝑢,

with 𝑢 = 𝛼 𝑋 and ത𝑉 𝑋 such that ሶത𝑉 𝑋 =
𝜕ഥ𝑉

𝜕𝑋
𝐹 𝑋 + 𝐺 𝑋 𝛼 𝑋 < 0

• Given this, consider the special case where we need to come up with a 
stabilizing policy for 

ሶ𝑋 = 𝐹 𝑋 + 𝐺 𝑋 ҧ𝑥
ሶ ҧ𝑥 = 𝑢



Backstepping
• Consider the special case

• Lucky guess: 𝑉 𝑋, 𝑧 = ത𝑉 𝑋 +
1

2
𝑧2

ሶ𝑉 𝑋, 𝑧 = ሶത𝑉 𝑋 + 𝑧 ሶ𝑧

=
𝜕 ത𝑉

𝜕𝑋
𝐹 𝑋 + 𝐺 𝑋 𝛼 𝑋 + 𝐺 𝑋 𝑧 + 𝑧 𝑢 − ሶ𝛼 𝑋

=
𝜕ത𝑉

𝜕𝑋
𝐹 𝑋 + 𝐺 𝑋 𝛼 𝑋 + 𝑧

𝜕 ത𝑉

𝜕𝑋
𝐺 𝑋 + 𝑢 − ሶ𝛼 𝑋

ሶ𝑋 = 𝐹 𝑋 + 𝐺 𝑋 ҧ𝑥
ሶ ҧ𝑥 = 𝑢

ሶ𝑋 = 𝐹 𝑋 + 𝐺 𝑋 𝑧 + 𝐺 𝑋 𝛼 𝑋
ሶ𝑧 = 𝑢 − ሶ𝛼 𝑋

Change of variables
𝑧 ≔ ҧ𝑥 − 𝛼 𝑋
ҧ𝑥 = 𝑧 + 𝛼 𝑋

< 0, by assumption < 0 if 𝑢 = ሶ𝛼 𝑋 −
𝜕ഥ𝑉

𝜕𝑋
𝐺 𝑋 − 𝑘𝑧, 𝑘 > 0

ሶ𝛼 𝑋 =
𝜕𝛼

𝜕𝑋
𝐹 𝑋 + 𝐺 𝑋 ҧ𝑥

Suppose we have a stabilizing policy 𝑢 = 𝛼 𝑋
for ሶ𝑋 = 𝐹 𝑋 + 𝐺 𝑋 𝑢, with ത𝑉 𝑋 such that 

ሶത𝑉 𝑋 =
𝜕 ത𝑉

𝜕𝑋
𝐹 𝑋 + 𝐺 𝑋 𝛼 𝑋 < 0



Backstepping

• Example:
• ሶ𝑥1 = 𝑥1

2 + 𝑥2
• ሶ𝑥2 = 𝑢

• Treat 𝑥2 as a “virtual” control in ሶ𝑥1:
• ሶ𝑥1 = 𝑥1

2 + 𝑢
• This is easy to stabilize and find Lyapunov function:

• Apply previous result:

• 𝑢 = ሶ𝛼 𝑥1 −
𝜕ഥ𝑉

𝜕𝑥1
𝐺 𝑥1 − 𝑘𝑧

• 𝑢 = −2𝑥1 − ത𝑘 𝑥1
2 + 𝑥2 − 𝑥1 − 𝑘 𝑥2 + 𝑥1

2 + ത𝑘𝑥1

ሶ𝛼 𝑥1 =
𝜕𝛼

𝜕𝑥1
𝑥1
2 + 𝑥2

𝜕 ത𝑉

𝜕𝑥1
= 𝑥1, 𝐺 𝑥1 = 1

𝑧 = 𝑥2 − 𝛼 𝑥1 = 𝑥2 + 𝑥1
2 + ത𝑘𝑥1

𝑢 = 𝛼 𝑥1 = −𝑥1
2 − ത𝑘𝑥1, ത𝑘 > 0; ത𝑉 𝑥1 =

1

2
𝑥1
2

ሶത𝑉 𝑥1 = 𝑥1 ሶ𝑥1
= 𝑥1 𝑥1

2 + 𝑢

= 𝑥1 𝑥1
2 − 𝑥1

2 − ത𝑘𝑥1

= 𝑥1 −ത𝑘𝑥1

= −ത𝑘𝑥1
2

= −2𝑥1 − ത𝑘 𝑥1
2 + 𝑥2


