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Nonlinear Systems Roadmap

* Analysis
* Control

* Numerical solutions



Nonlinear Systems Roadmap: Today

* Analysis
e Bifurcations

e Control
* Lyapunov functions
* Linearization by State Feedback



Bifurcations

* Parameters in ODE models of systems that determine key behaviours
of the system

* Sometimes, a small change in the parameter leads to big changes in system
behaviour

« Example: X = ux — x3, u is a parameter

* Equilibrium points: 0=x
= ux — x3
= x(u —x*%)

x =0,+/u



Bifurcations

* Example: x = ux — x3, u is a parameter
* Equilibrium points: x = 0, +/u

e Stability: g—£ = u — 3x?

x = 0: X=i\/ﬁ:
of of ,
3o = U 3o = —4lu
axxzo axxzi\m

Equilibrium always exists
e Stablewhenu <0
e Unstable whenu >0

* Stable when they exist

f(x)

Equilibria exist only when u = 0
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Bifurcations

“Pitchfork” bifurcation
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Some Bifurcation Types

e Pitchfork bifurcation

\%4

/N

pd

N

P

/

N\

/

ol
N
o\
~

* Fold bifurcation
* Example: x = u — x?
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* Transcritical bifurcation

* Example: x = ux — x*?
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* Hopf bifurcation (2D, in your



Bifurcation: 2D Example

e Example 2:

e Equilibrium points:

X1 = —axq{ + x,
x% 1

1+x% 2

Xy =

2
2x1

1+ x?
X1:O$x2:axl
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Bifurcation: 2D Example

* Example 2: X, = —axq + x,
. xt 1
Xy = — =X
2T 14x2 277

1

 Starting at large values of a, there is only one
equilibrium point at the origin

* As a decreases, eventually another equilibrium
point spawns

0 0.5 1 1.5 2 25

2
2x1

X, =0=>x, =
g s 1+ x

X1=O:>x2=ax1

2
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Bifurcation: 2D Example

* Example 2: X, = —axq + x,
. xi 1
Xy = — =X
2T 1442 277

 Starting at large values of a, there is only one
equilibrium point at the origin

* As a decreases, eventually another equilibrium
point spawns

* For even smaller values of a, there are three
equilibrium points in total

0 0.5 1 1.5 2 25

2
2x1

X, =0=>x, =
g s 1+ x

)'61=0=>X2=ax1

2
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More Complete Analysis

X1 = —ax; + X,

X, = x12 1x

2 =T 5 T 5 X2
14+ xf 2

5(1 — O = Xz — ax1
e Vertical flow field

| 2x7
x2=0:>x2=

 Horizontal flow field

1+ xf

X2
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More Complete Analysis

X2

0.2

X, <ax;=>x1 <0
2x2

1+ x

Xy >
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Lyapunov Stability

* General stability theory for nonlinear systems
* No need to solve ODE
* No need to linearize: direct analysis of nonlinear systems

A system is stable in the sense of Lyapunov if Ve > 0,36(e) > 0 such
that
lxo — x|l < 8(€) = Vit = to, |[x(t) — xell <€

x(t
v

X0



Lyapunov Stability Main Result =¥

* Let x = 0 be an equilibrium point v
* Suppose there is a function V(x): R™ — R such that
V(x) =0ifandonlyif x = 0,
V(x) > 0if and only if x # O.

e If forall x # O,V(x) = VVTf(x) <0,thenx =0is |
stable in the sense of Lyapunov /

+ Ifforallx # 0,V(x) = VWTf(x) <0, thenx = O is -
asymptotically stable

* V(x) is called a Lyapunov function




Lyapunov Stability Example in R?

* Damped spring system: X + bx + kx =0,b = 0
* Intuition: The system should be stable due to friction
e letx; =x,x, =X = X1 = Xy
X, = —kx; — bx,
1, 5 1 5 . NN —
o Let V(xq,xy) = Ekxl +2x3 = V(x,x) =VWTf(x)
* Potential energy plus kinetic energy _|9v 9V

X1
~|ox,  0x, lle
= kx,{x; + X,X5
= kx;x, — kxy;x, — bx3
= —bx3
< 0 for all x # (0,0)



Lyapunov Stability: Discussion

* What if there is control? x = f(x, u)
* Need at least one control that makes V non-increasing

e Advantages
e Direct nonlinear analysis
* “Global” result
» “Region of attraction”

* How to find a Lyapunov function?
* Intuition = Guess something that works
* Computational techniques
* Optimization
* Optimal control
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Feedback Stabilization

* Given control affine dynamics x = f(x) + g(x)u, design control
policy u = a(x) such that x = 0 is asymptotically stable.

* Take a Lyapunov approach

* Suppose we have a stabilizing control policy and Lyapunov function for
X=FX)+GcX)u,
ov

with u = a(X) and 7 (X) such that V(X) = = (F(X) + G(X)a(X)) < 0

* Given this, consider the special case where we need to come up with a
stabilizing policy for
X=FX)+GX)x
X=u



Suppose we have a stabilizing policy u = a(X)

Feedback Stabilization  forx = F(x) + G (X)u, with V(X) such that

- aV
+ Consider the special case  change ofvariables ") a_X(F(X) +G(Xa(X)) <0

z=x—a(X)
X=FX)+GX)% _Zzz+a® X =F(X)+G6X)z+GX)a(X)
X=u z=u—a(X)

e Lucky guess: V(X,z) = V(X) + %zz
VX, z) =V(X) + z7

aX (F(X) +6(X)a(X) + G(X)z) + z(u — a(X))

av
= —X(F(X) +6(X)a(X)) + z (aX GX)+u-— a(X))
| o Y ’
< 0, by assumption <0ifu=alX) - gG(X) —kz, k>0
\

. da _
a(X) = o5 (F(X) + G(X)x)



Feedback Stabilization

* Example:
® 561 = x% + xz . ‘
* Xy =1U V(xl)(=2x1x1)
. .. =x.(x7+u
* Treat x, as a “virtual” control in x4: ' 12 L
© X = x12 +u = x1(x1__ X1 —kx1)
* This is easy to stabilize and find Lyapunov function: = x; (—kx,)
- _ _ 1 — a2
u=a(x;) =—xft—kx,k>0;, V(x)= Exlz fexq
* Apply previous result: )
- . o B
e u=alx)— aaTVG(xl) — kz a(xy) = a_xl(xlz +x2) = (=2x; — k) (xf + x2)
1

s U= (—2x1 - E)(xlz +x,) —x; — k(xz + x2 + Exl)

z=xy—alx)) =x, + x2 + kx;



Numerical Solutions of ODEs

» Discretization: t* = kh, u* = u(t¥) % = f(xu) N
* Approximate solution: y* = x(kh) x(Ck 1)2‘) —x(kh) _ £ (x(kh), uk)
yk+1 _ yk
| = 0
* Simplest methods: J

 Forward Euler
yk+1 N ¢

- L Py, uk) = y*+1 = y* + hf (3%, ub)

* Backward Euler
yk+1_yk

h

= f(y**1,uk) = solve for y**1 implicitly



Example

e x = Ax, x(0) = x,

« Analytic solution: x(t) = xy,e?t



Consistency

 ODE is satisfiedas h — 0
k+1 k

—y B
- — f(yk,uk)

+ More generally: y<*1 = SX_y aiy! + h Xy i f (7', u)

e Forward Euler: Y

 Truncation error:
* induced during one step, assumlng perfect mformatlon

= e+l _ Z a,x(nh) — h Z Bif (x(nh),ut)

n=k

k
e Consistency requires — lle®] - ” —0ash—-0

o If — ”e I _ = 0(hP), then the numerical method is “order p”.



Numerical stability

sy = iyt Y Bif (v ut)
* A map from {yi}zzk to ykt1

» Stability is desirable (at least for ODEs with stable solutions)

* Example: x = Ax with forward Euler
o yRHL = yk 4 payk
o yR*t1 = (1 + hA)y*
e Stability requires |1 + hA| < 1
*ForA=—-1,wehave|l—h|<1S h<2



Numerical convergence

* Definition: m}gx”x(kh) — yk” —-0ash—-0

e Basic requirement for numerical solutions

* Dahlquist Equivalence Theorem
» Consistency + stability & convergence

* Convergence rate
* Typically, for order p methods: m’?X”x(kh) — yk” < 0(hP)

* Forward and backward Euler:p = 1



Stiff equations

* ODEs with components that have very fast rates of change
e Usually requires very small step sizes for stability

* Example: x; = Ax; with forward Euler
e Stability requires |1 + hA| < 1
* ForA = —100, we have |1 —100h| <1< h <0.02

* Small step size is required even if there are other slower changing
components like X, = x4

* Implicit methods are useful here (accuracy limited to order 2)



Classical Runge-Kutta Method (RK4)

* Main consideration: what slope to use?

* Weighted average y=y,  y(t) =05t

« yEl =yl 4+ ( ) : h —

0 02 04 06 08 1 12 14 16 18
¥ th +h



Classical Runge-Kutta Method (RK4)

* Main consideration: what slope to use?
* Weighted average

sy =yE e ( )
* ky = hf(t%, y")

y =1, y(t) = 0.5¢et
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Classical Runge-Kutta Method (RK4)

* Main consideration: what slope to use?
* Weighted average

syt =yk+ (K k3 )
o ky = hf(t* y%)
h

© ks = hf (t5+ 2,y +2)

y =1, y(t) = 0.5¢et
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Classical Runge-Kutta Method (RK4)

* Main consideration: what slope to use?
* Weighted average

o« ytl =gyl (K, Kk, ks k)
-klzhf(t )
=y ()
(b
« ky=hf(th+hy* +ks)

y(t) = 0.5¢et
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Classical Runge-Kutta Method (RK4)

* Main consideration: what slope to use?
* Weighted average

o YR = YR 2 (kg + 2k, + 2K + key)
o ky = hf(t* y%)

o k= kg b vk k2
ky = hf (E5+3, 5% +2)

« ky=hf(th+hy* +ks)
* Properties

e Equivalent to Simpson’s rule
* 4t order acccuracy

y=y,  y(t)=05€ |
3 T T T T hi
< h %E
25 ;
2| |
15
i |
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Numerical solutions: issues

e Stiff equations

* Approximation errors
* Typically cannot be used to prove system properties



