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Linear Systems

Hu et al., 2018

(If flying near hover, and slowly)
Bouffard, 2012
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Road Map

• Linear Systems (This and next lecture)
• Basic properties and closed form solution
• Stability
• Linearization
• Controllability and observability

• Nonlinear systems (Two lectures)

• Optimization and optimal control (New unit, ~8 lectures)



LTI Systems

• Linear time-invariant (LTI) systems: 

𝐴

𝐵 +𝑢 ∫
𝑥𝑥̇



Linear System

• Existence and Uniqueness of Solutions of 
• ଵ ଶ ଵ ଶ ଵ ଶ

• Existence and Uniqueness of Solutions of 
• ଵ ଶ ଵ ଶ ଵ ଶ

• ଵ ଶ ଵ ଶ ଵ ଶ

• But ଵ ଶ ଵ ଶ ௜ ଵ ଶ

• Recall:
• ௣,௜

௫ஷ଴

஺௫ ೛

௫ ೛

• ஶ,௜
௜

௜௝
௡
௝ୀଵ (maximum row sum)



Linear System

• Existence and Uniqueness of Solutions of 
• ଵ ଶ ଵ ଶ ଵ ଶ

• Existence and Uniqueness of Solutions of 
• ଵ ଶ ଵ ଶ ଵ ଶ

• ଵ ଶ ଵ ଶ ଵ ଶ

• But ଵ ଶ ଵ ଶ ௜ ଵ ଶ

• Recall:
• ௣,௜

௫ஷ଴

஺௫ ೛

௫ ೛

• ஶ,௜
௜

௜௝
௡
௝ୀଵ (maximum row sum)



Linear System

• Existence and Uniqueness of Solutions of 
• ଵ ଶ ଵ ଶ ଵ ଶ

• Existence and Uniqueness of Solutions of 
• ଵ ଶ ଵ ଶ ଵ ଶ

• ଵ ଶ ଵ ଶ ଵ ଶ

• But ଵ ଶ ଵ ଶ ௜ ଵ ଶ

• Recall:
• ௣,௜

௫ஷ଴

஺௫ ೛

௫ ೛

• ஶ,௜
௜

௜௝
௡
௝ୀଵ (maximum row sum)



LTI systems: Closed form solution
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LTI System: Stability

• If ௞ , stays bounded only if ௞ has Jordan block of 
size 1

௃௧
଴ ଶ ଴

• When ௜ …
• Not stable!
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ଵ

௡

ଵ

௡

ଵ

௞
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డ௫

డ௙భ

డ௫భ
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• Full state information required
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