Kalman Filter

CMPT 882
Mar. 27



Outline

e Kalman Filter
e Parametric filter for linear systems and measurement models

e Extended Kalman Filter
* Extension to nonlinear systems and measurement models

 Unscented Kalman Filter
* Non-parametric filter



Bayes filter

Continuous state space
Input: bel(x;_1), Us_1, Z;
Output: bel(x;)

For every x;,

Perform prediction:
bel(xy) = | p(xelue—y, xe—1)bel(xe_1)dx,_y
Perform measurement update:
bel(x;) = np(z¢|x.)bel(x;)
Return bel(x;)

Discrete state space
|nput: {pk,t—l}’ ut_l, Zt Z1 Z3
Output: {pk,t}

For every k,

Perform prediction:
Pre = NP (Xe|Ue1, Xe—1) Pk -1
Perform measurement update:

bel(x;) = np(z¢|x¢) Dkt
Return {pk,t}
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Bayes filter

* Continuous state space: Closed-form bel(x;) is unlikely. Need
discretization and interpolation

* Must iterate through every x; or every k
* Number of states is exponential in state space dimension

* Solution: exploit structure or make assumptions
e Parametric filters: assume a form for distributions
* Non-parametric filters: represent distributions using samples



Kalman Filter

* Bayes filter with additional assumptions

e |nitial Gaussian belief

* bel(xq)~N(uo, Zo)
* Approximates single-modal distributions well

* Linear system dynamics with Gaussian noise

* Xt = Axt_l + But_l + €¢
* Noise is independent €,~N (0, R;)

| inear measurement mOdel
* Zy = Cexp + 61, 6. ~N(0, Q¢)
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Gaussian Distributions

* Probability density function, scalar case:

_ 2
p(x) = (210%) 2 exp (—%(x s >~N(u,02)

* Probability density function, vector case:

1 1 00012
p(x) = det(2nX) 2 exp (— 5 (= wTE T (x - u)) ~N(w,%) |
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Key Properties Needed

* If X~N(u,X),and Y = AX + b, then
Y~N(Au + b, AZAT)

* If X;~N(uq,21), X;~N(up, Z;), and Y = X; + X;, then
Y~N(u + Uz, 21 +Z3)

* Product of Gaussian probability distribution functions are also
Gaussian random variables

* More complicated expression/derivation



Result of Assumptions and Gaussian
Distribution Properties

1. Gaussian initial belief:

_1 1 ~
bel(xy) = p(xy) = det(2mZy) 2 exp (‘ 5 (xo — o) " 2o (g — #o))
2. Linear dynamics x; = Ax;_1 + Bu;_1 + €;, €,~N(0, R;) implies
1

_1 1 _
p(X¢|Xt—1,Us—1) = det(2mR;) 2 exp ) (x¢ — Axeqy — Bugq) "Ry M (g — Axy_q — But—l))

3. Linear measurement model z; = C;x; + 8;,6,~N (0, Q;) implies
1

1 1 _
p(z¢|x,) = det(2mQ,) 2 exp ) (z¢ — Cex) TQ7 1 (2p — Cexy)

* Result: Posterior belief bel(x;) is Gaussian for all t!
e Start with bel(xy)~N (1, 2Z), obtain bel(x;)~N (us, Z;) from bel(x;—1)~N(us—1,Zs-1)
* Only the parameters u; and X; need to be updated to capture distribution over all x;



Kalman Filter

* Bayes' filter algorithm:

Input: bel(x;_1), Us_q1, Z¢

Output: bel(x;)

For every X,
Perform prediction:
bel(xy) = [ p(x¢|ue—1, Xe—1)bel(xe_1)dxe4
Perform measurement update:

bel(x;) = np(z¢|x,)bel(x;)
Return bel(x;)

e Kalmn filter algorithm:

Input: ply—q, 2p—1, Up—1, Z¢
Output: ug, 2
Perform prediction:

Perform measurement update:

Return g, 2;



Key Properties of Gaussian Distributions

* If X~N(u,X),and Y = AX + b, then
Y~N(Au + b, AZAT)

* If X;~N(uq,21), X;~N(up, Z;), and Y = X; + X;, then
Y~N(u + Uz, 21 +Z3)

* Linear dynamics: x; = Ax;_; + Bu;_; + €;, €,~N(0,R;)

* If x,_y~N(us_q,Z¢_1) then x.~(fiy, 2,), where
* A = Apg—1 + Bup 4
¢ Zt — Azt_lAT + Rt



Kalman Filter

* Bayes' filter algorithm:

Input: bel(x;_1), Us_q1, Z¢

Output: bel(x;)

For every X,
Perform prediction:
bel(xy) = [ p(x¢|ue—1, Xe—1)bel(xe_1)dxe4
Perform measurement update:

bel(x;) = np(z¢|x,)bel(x;)
Return bel(x;)

e Kalmn filter algorithm:

Input: ply—q, 2p—1, Up—1, Z¢
Output: ug, 2

Perform prediction:
fe = Ape—q + Bug4
Zt — Azt_lAT + Rt

Perform measurement update:

Return g, 2;



Key Property of Gaussian Distributions

* Product of Gaussian probability distribution functions are also
Gaussian random variables

* More complicated expression/derivation

e Linear measurement model Gaussian  Gaussian

N(Cx,, O, N(‘ %)
* 7z = Cex¢ + 64, 6,~N(0,Q;) ConSta\rjt (Ax C:) o

* Measurement update: bel(x;) = p(zt|xt)bel(xt)

* K; =2.C/ (CZ.CH + Qo)

* U = Up T Kt(Zt_— Cefle)
* X = (I — K. Cp)Xy



Kalman Filter

e Bayes’ filter algorithm: e Kalmn filter algorithm:
Input: bel(x;_1), Us_q1, Z¢ Input: w1, i1, Ur_1, Z¢
Output: bel(x;) Output: us, X,
For every X, Perform prediction:
Perform prediction: He = Ape—1 + Busq
bel(xy) = [ p(x¢|ue—1, Xe—1)bel(xe_1)dxe4 2y = AL 1A + R,

Perform measurement update:

- Ke = Z:C/ (CeZe G + Q)71
bel(x;) = np(z¢|x;)bel(x;) U = ity + Ke(zp — Qtlzt)

Return bel(x;) X = U — K C)Ze

Return g, 2;

Perform measurement update:



Kalman Filter: Discussion

e “Kalman gain”:
* Ky = 32:C/ (G ZC + Q)71

* Update mean: u; = fi; + K;(z; — Ceji;)
* K.(z; — C¢j1;) term compares actual z; and predicted measurement C;ji;
e z; — Cilig is called “innovation”

e K, =~ 0 = observation is not useful (eg. Q; = © or X, = 0)
« K, =~ C[ 1 = prediction is not useful (eg. £, - )



Kalman Filter: Discussion

Possible advantages Possible disadvantages
* Only 0(n?) parameters to * Linear system dynamics
update * Most robotic systems are
* 1 has O(n) parameters nonlinear
* ¥ has 0(n?) parameters
* Bayes filter has O(N™)  Gaussian distribution
* Closed form update formulas assumption
* Bayes filter requires numerical * Only unimodal situations can be

integration considered



Extended Kalman Filter

* Addresses the linear dynamics assumption
xe = g(Xp—1,Ut—1) + €, €,~N(O,R;)
Zt —_ h(xt) + 61:, 6t~N(O, Qt)

* Linearize the nonlinear maps

g1, Up—q) = g(Ue—1, Ue—1) + Vg QUe—q, Up—1) (X1 — Ue—1)

h(xe) = h(ity) + VR (xe — pe)
* Compatible with non-linear systems and nonlinear measurement models
e Gaussian initial belief implies Gaussian belief for all time



EKF algorithm

e Kalmn filter algorithm: * Extended Kalman filter algorithm:
* X = Ax¢_1 + Buy_1 + €, €,~N(O,Ry) o xp = g(xi_1,ur—q) + €, €,~N(O,R,)
* z¢ = Cexp + 6, 6:~N(0, Q) * 7y = h(x.) + &, 6:;~N(0,Q;)

Input: te_1,2¢—1, Ur—1, Z¢ Input: fly—1, 2¢—1, Ut—1,Z¢

Output: ug, Xt Output: g, ¢

Perform prediction: Perform prediction:

fe = Ape—q + Bup_4
Zt — Azt_lAT + Rt
Perform measurement update: Perform measurement update:
Ky = 2:C/ (C:ZC + Q)™
He = fe + K (2 — Cefir)
e = (I — K Cp)Zy

Return pug, ¢ Return u;, Xt



EKF Prediction

* Linear dynamics * Nonlinear dynamics
* Xy = Axe_q + Buy_q + €, €~N(O,Ry) * xp = g(x¢—1,Up—1) + €, €.~N(O, Ry)

* Linearized dynamics

* X¢ = g(Up—1, Up—1) + Ge(Xpoq — Pe—1),
G = Vg(Ue—1,Ut—1)

* Kalman filter prediction * EFK Prediction

o Uy = Au;_1 + Buy_4 * i = gWe—q, up—q)
¢ Zt —AZt 1AT +Rt ¢ Zt Gtzt 1Gt +Rt



EKF algorithm

e Kalmn filter algorithm: * Extended Kalman filter algorithm:
* X = Ax¢_1 + Buy_1 + €, €,~N(O,Ry) o xp = g(xi_1,ur—q) + €, €,~N(0,R,)
* z¢ = Cexp + 6, 6:~N(0, Q) * 7y = h(x;) + &, 6:;~N(0,Q;)
* Linearization: G; = Vg(us—1,us—1), Hr = Vh(ii;)
Input: te_1,2¢—1, Ur—1, Z¢ Input: pe—q, 2p—1, Up—1,Z¢
Output: ug, Xt Output: g, ¢
Perform prediction: Perform prediction:
fe = Ape—q + Bup_4 Ay =gUe—1,Us—1)
S, =A%, ;AT +R, Y = G 2i_1G! + R,
Perform measurement update: Perform measurement update:

K: = 5.C/ (C:Z.C/ + Q)™
ue = fie + Ke(z¢ — Cefiy)
Ly = (1 — KtCt)Zt

Return pug, ¢ Return u;, Xt



EKF Measurement Updates

e Linear measurement model * Nonlinear measurement model
* z = Cex¢ + 64, 6:~N (0, Q¢) * zy = h(x¢) + 8¢, 6:~N(0, Q¢)

* Linearized measurement model

* h(xy) = h(iy) + He(xp — pie),
H; = Vh(ii)

* Kalman filter measurement update * EFK measurement update
* Ki = 2:Cl (G2 G +Q)7! * Ky = XeH) (HZH! + Q)7
* Ut = et Kt(Zt__ Cefie) °* U = U + Kt(Zt — h(ﬁt))
* I = — K (L e ¥, = —-KH)Z,



EKF algorithm

e Kalmn filter algorithm:
* Xy = Axy_1 + Bu;_q + €, €,~N(O,R;)
* 2y = Cexp + 64, 6:~N(0,Q;)

Input: pe_q, 2¢—1, Ut—1,Z¢
Output: ug, Xt
Perform prediction:

He = Ape 1+But 1

3 = AL, _AT + R,

Perform measurement update:
Ky = 2:Cf (CeZ:C + Q)™

ue = fie + Ke(z¢ — Cefiy)
Ly = (1 — KtCt)Zt

Return ug, X4

* Extended Kalman filter algorithm:
* X = g(xp_1,Up—q) + €, 6.~N(O, Ry)
* 7y = h(x¢) + 84 6:~N(0,Q;)
* Linearization: G; = Vg(us_q1,U;—1), Hs
Input: fly—1, 2¢—1, Ut—1,Z¢
Output: ug, X
Perform prediction:
1 = g (U 1»ut 1)
Zt GeZe1G + Ry
Perform measur_ement ugdate.
Ke = ZHy (HZcHY + Q)™
Ue = Ut + Kt(Zt — h(#t))
X = — KHp )L,
Return u;, Xt

= Vh(ﬂt)



EKF: transform Gaussian distributions

Unscented Kalman Filter using linearization

* Takes full knowledge of nonlinear dynamics
* No linearization
* Represents distributions using “Sigma points”
* Transforms sigma points using nonlinear dynamics

* Approximates distribution using sigma points

* Best fit Gaussian distribution given weights UKF: transforms sigma points and fits
Gaussian distributions




Particle Filter

* Non-parametric filter
* Probability distributions bel(x;_;) directly represented by samples

Xe—1 = {x,[l_]l}i\il

* Prediction step: sample using dynamics
. fP]fvp (xt|ut, XP—]1)
* Measurement update step: weighted resampling based on measurements

e Select M new particles from {JEF]} with probability o Wt[i] =D (Zt|x1,[i])



Particle Filter

* Bayes' filter algorithm: * Particle filter algorithm:
* Represent bel(x;) with M samples

Input: bel(x;_1), Us_1, Z;

Output: bel(x;) Input: X¢—1, U1, 2
For every x;, Output: X;
Perform prediction: Perform prediction:
bel(x,) = J p(re|ue—q, xe—1)bel(xp_q)dx_4 Draw ’Ey]“’p (xt|ut—1'x£i—]1) =1 M= X, = {x_t[i]}li\;
Perform measurement update: Perform measurement update:
bel(x,) = np(z;|x,)bel(x;) Compute weights Wt[i] =p (zt|fl[i]) i=1,..,M

Resample M times from X, = X .
i L
* Each time, draw fP] with probabilityw—t[i]

Return bel(x;) Return X;

17t



