
HJ	Reachability	Analysis	II
CMPT	419/983

Mo	Chen
SFU	Computing	Science

21/10/2019



Review	Papers	on	HJ	Reachability

• Bansal,	Chen,	Herbert,	Tomlin.	“Hamilton-Jacobi	reachability:	A	brief	
overview	and	recent	advances,”	2017

• Chen,	Tomlin.	“Hamilton-Jacobi	Reachability:	Some	Recent	
Theoretical	Advances	and	Applications	in	Unmanned	Airspace	
Management,”	2018



Terminology

• Minimal	backward	reachable	set
• 𝒜 𝑡 = 𝑥̅: ∃Γ 𝑢 ⋅ , ∀𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅, 𝑥 0 ∈ 𝒯
• Control	minimizes	size	of	reachable	set

• Maximal	backward	reachable	set
• ℛ 𝑡 = 𝑥̅: ∀Γ 𝑢 ⋅ , ∃𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅, 𝑥 0 ∈ 𝒯
• Control	maximizes	size	of	reachable	set



Reaching	vs.	Avoiding
• Avoiding	danger

• BRS	definition
𝒜 𝑡 = 𝑥̅: ∃Γ 𝑢 ⋅ , ∀𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅, 𝑥 0 ∈ 𝒯

• Value	function
𝑉 𝑡, 𝑥 = min
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• HJ	PDE
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𝑓 𝑥, 𝑢, 𝑑 = 0

• Optimal	control

𝑢∗ = argmax
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𝑓 𝑥, 𝑢, 𝑑

• Reaching	a	goal

• BRS	definition
ℛ 𝑡 = 𝑥̅: ∀Γ 𝑢 ⋅ , ∃𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅, 𝑥 0 ∈ 𝒯

• Value	function
𝑉 𝑡, 𝑥 = max
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9
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• HJ	PDE
𝜕𝑉
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𝑓 𝑥, 𝑢, 𝑑 = 0

• Optimal	control

𝑢∗ = argmin
9
max
?

𝜕𝑉
𝜕𝑥

@

𝑓 𝑥, 𝑢, 𝑑



“Sets”	vs.	“Tubes”
• Backward	reachable	set	(BRS)
• Only	final	time	matters
• Initial	states	that	passing	through	
target	are	not	necessarily	in	BRS
• Not	ideal	for	safety

• Backward	reachable	tube	(BRT)
• Keep	track	of	entire	time	duration
• Initial	states	that	pass	thorugh
target	are	in	BRT
• Used	to	make	safety	guarantees

𝑥D 0

𝑥E 0

𝑙 𝑥 ≤ 0,	
target	set

𝑉 𝑥D 0 , 0 > 0
𝑉 𝑥E 0 , 0 ≤ 0
𝑉 𝑥H 0 , 0 > 0

𝑥E 𝑡

𝑥D 𝑡

𝑥D 0

𝑥E 0

𝑙 𝑥 ≤ 0,	
target	set

𝑉 𝑥D 0 , 0 > 0
𝑉 𝑥E 0 , 0 ≤ 0
𝑉 𝑥H 0 , 0 ≤ 0

𝑥E 𝑡

𝑥D 𝑡

𝑥H 0

𝑥H 𝑡

𝑥H 0

𝑥H 𝑡



Terminology

• Minimal	backward	reachable	set
• 𝒜 𝑡 = 𝑥̅: ∃Γ 𝑢 ⋅ , ∀𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅, 𝑥 0 ∈ 𝒯
• Control	minimizes	size	of	reachable	set

• Maximal	backward	reachable	set
• ℛ 𝑡 = 𝑥̅: ∀Γ 𝑢 ⋅ , ∃𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅, 𝑥 0 ∈ 𝒯
• Control	maximizes	size	of	reachable	set

• Minimal	and	maximal	backward	reachable	tube
• 𝒜̅ 𝑡 = 𝑥̅: ∃Γ 𝑢 ⋅ , ∀𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅, ∃𝑠 ∈ 𝑡, 0 , 𝑥 𝑠 ∈ 𝒯
• ℛJ 𝑡 = 𝑥̅: ∀Γ 𝑢 ⋅ , ∃𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅, ∃𝑠 ∈ 𝑡, 0 , 𝑥 𝑠 ∈ 𝒯



“Sets”	vs.	“Tubes”
• Backward	reachable	set	(BRS)

• Value	function	definition
• 𝑉 𝑡, 𝑥 = min
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• Value	function	obtained	from
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𝑓 𝑥, 𝑢, 𝑑 = 0

• Backward	reachable	tube	(BRT)

• Value	function	definition
• 𝑉 𝑡, 𝑥 = min
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𝑙 𝑥 𝑠

• Value	function	obtained	from
min
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𝑓 𝑥, 𝑢, 𝑑 , 𝑙 𝑥 − 𝑉 𝑡, 𝑥 = 0

𝑥D 0

𝑥E 0

𝑙 𝑥 ≤ 0,	
target	set

𝑉 𝑥D 0 , 0 > 0
𝑉 𝑥E 0 , 0 ≤ 0
𝑽 𝒙𝑩 𝟎 , 𝟎 ≤ 𝟎

𝑥E 𝑡

𝑥D 𝑡

𝑥H 0

𝑥H 𝑡

𝑥D 0

𝑥E 0

𝑙 𝑥 ≤ 0,	
target	set

𝑉 𝑥D 0 , 0 > 0
𝑉 𝑥E 0 , 0 ≤ 0
𝑉 𝑥H 0 , 0 > 0

𝑥E 𝑡

𝑥D 𝑡
𝑥H 0

𝑥H 𝑡



Reaching	vs.	Avoiding:	Backward	Reachable	Tubes

• Avoiding	danger

• BRT	definition
𝒜̅ 𝑡 = 𝑥̅: ∃Γ 𝑢 ⋅ , ∀𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅,

∃𝒔 ∈ 𝒕, 𝟎 , 𝑥 𝑠 ∈ 𝒯

• Value	function
𝑉 𝑡, 𝑥 = min
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𝐦𝐢𝐧
𝒔∈ 𝒕,𝟎

𝒍 𝒙 𝒔

• HJ	Variational	Inequality

min
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𝜕𝑡 + max9 min
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𝜕𝑉
𝜕𝑥

@
𝑓 𝑥, 𝑢, 𝑑 , 𝑙 𝑥 − 𝑉 𝑡, 𝑥 = 0

• Optimal	control

𝑢∗ = argmax
9
min
?

𝜕𝑉
𝜕𝑥

@
𝑓 𝑥, 𝑢, 𝑑

• Reaching	a	goal

• BRT	definition
ℛJ 𝑡 = 𝑥̅: ∀Γ 𝑢 ⋅ , ∃𝑢 ⋅ , 𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑥 𝑡 = 𝑥̅,

∃𝑠 ∈ 𝑡, 0 , 𝑥 𝑠 ∈ 𝒯

• Value	function
𝑉 𝑡, 𝑥 = max
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𝒔∈ 𝒕,𝟎

𝒍 𝒙 𝒔

• HJ	Variational	Inequality
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?

𝜕𝑉
𝜕𝑥

@
𝑓 𝑥, 𝑢, 𝑑 , 𝑙 𝑥 − 𝑉 𝑡, 𝑥 = 0

• Optimal	control

𝑢∗ = argmin
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Hamilton-Jacobi	(HJ)	Reachability	Theory

Target	set:	𝒯 = 𝑥: 𝑙 𝑥 < 0

9

𝑥Z(𝑡)

𝒙𝟏 𝒕 ∈ 𝓡 𝒕 ⇔ 𝑽 𝒕, 𝒙𝟏 𝒕 < 𝟎

𝒙𝟐 𝒕 ∉ 𝓡 𝒕 ⇔ 𝑽 𝒕, 𝒙𝟐 𝒕 ≥ 𝟎

𝑥Z(0)

𝑥

𝑦

𝑥𝑦

𝑙
𝑥,
𝑦

𝑥d(𝑡)
𝑥d(0)

Value	function:	𝑉 𝑡, 𝑥
𝑉 𝑡, 𝑥 𝑡 = min

8 9 ⋅
max
9 ⋅

min
K∈ L,M

𝑙 𝑥 𝑠

subject	to	𝑥̇ = 𝑓 𝑥, 𝑢, 𝑑 , 𝑡 ≤ 0



Hamilton-Jacobi	(HJ)	Reachability	Theory

• Hamilton-Jacobi	Variational	Inequality:

min
𝜕𝑉
𝜕𝑡

+ max
9
min
?

𝜕𝑉
𝜕𝑥

@

𝑓 𝑥, 𝑢, 𝑑 , 𝑙 𝑥 − 𝑉 𝑡, 𝑥 = 0, 𝑡 ≤ 0

𝑉 0, 𝑥 = 𝑙(𝑥)
Target	set:
𝒯 = 𝑥: 𝑙 𝑥 < 0

Minimal	backward	reachable	tube:
ℛ 𝑡 = 𝑥: 𝑉 𝑡, 𝑥 < 0
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𝑥

𝑦

𝑥𝑦

𝑉
𝑡,
𝑥,
𝑦



Hamilton-Jacobi	(HJ)	Reachability	Theory

• Hamilton-Jacobi	Variational	Inequality:

min
𝜕𝑉
𝜕𝑡

+ max
9
min
?

𝜕𝑉
𝜕𝑥

@

𝑓 𝑥, 𝑢, 𝑑 , 𝑙 𝑥 − 𝑉 𝑡, 𝑥 = 0, 𝑡 ≤ 0

𝑉 0, 𝑥 = 𝑙(𝑥)
Target	set:
𝒯 = 𝑥: 𝑙 𝑥 < 0

Minimal	backward	reachable	tube:
ℛ 𝑡 = 𝑥: 𝑉 𝑡, 𝑥 < 0
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𝑡,
𝑥,
𝑦



Hamilton-Jacobi	(HJ)	Reachability	Theory

• Hamilton-Jacobi	Variational	Inequality:

min
𝜕𝑉
𝜕𝑡

+ max
9
min
?

𝜕𝑉
𝜕𝑥

@

𝑓 𝑥, 𝑢, 𝑑 , 𝑙 𝑥 − 𝑉 𝑡, 𝑥 = 0, 𝑡 ≤ 0

𝑉 0, 𝑥 = 𝑙(𝑥)

Minimal	backward	reachable	tube:
ℛ 𝑡 = 𝑥: 𝑉 𝑡, 𝑥 < 0
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𝑥,
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Hamilton-Jacobi	(HJ)	Reachability	Theory

• Hamilton-Jacobi	Variational	Inequality:

min
𝜕𝑉
𝜕𝑡

+ max
9
min
?

𝜕𝑉
𝜕𝑥

@

𝑓 𝑥, 𝑢, 𝑑 , 𝑙 𝑥 − 𝑉 𝑡, 𝑥 = 0, 𝑡 ≤ 0

𝑉 0, 𝑥 = 𝑙(𝑥)

Minimal	backward	reachable	tube:
ℛ 𝑡 = 𝑥: 𝑉 𝑡, 𝑥 < 0
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𝑉
𝑡,
𝑥,
𝑦



Hamilton-Jacobi	(HJ)	Reachability	Theory

• Hamilton-Jacobi	Variational	Inequality:

min
𝜕𝑉
𝜕𝑡

+ max
9
min
?

𝜕𝑉
𝜕𝑥

@

𝑓 𝑥, 𝑢, 𝑑 , 𝑙 𝑥 − 𝑉 𝑡, 𝑥 = 0, 𝑡 ≤ 0

𝑉 0, 𝑥 = 𝑙(𝑥)

Minimal	backward	reachable	tube:
ℛ 𝑡 = 𝑥: 𝑉 𝑡, 𝑥 < 0
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𝑥

𝑦

𝑥𝑦

𝑉
𝑡,
𝑥,
𝑦



Intruder	Avoidance

15

Intruder
(human	controlled)

Platoon	leader
(autonomous)



“Flavours”	of	Reachability

• So	far:

• Other	variations:
• Forward	reachable	sets	and	tubes
• Reach-avoid	sets	and	tubes

• States	from	which	goal	can	be	reached	while	avoiding	obstacles

Backward	reachable	set Backward	reachable	tube

Minimal

Maximal

Avoid	𝒜 𝑡 to	stay	safe	at	
𝑡 = 0
Be	in	ℛ 𝑡 to	reach	goal	at	
𝑡 = 0

Avoid	𝒜̅ 𝑡 to	stay	safe	
during	 𝑡, 0
Be	in	ℛJ 𝑡 to	reach	goal	
during	 𝑡, 0



Wind	speed:
11	m/s

6	m/s

Scheduled	arrival	time	separation:	0	s 5	s 10	s

Unmanned	Aerial	Systems	
Traffic	Management



Comments

• Computational	complexity
• 𝑉 𝑡, 𝑥 is	computed	on	an	 𝑛 + 1 -dimensional	grid
• Currently,	𝑛 ≤ 5 is	possible.	GPU	acceleration	under-way
• Dimensionality	reduction	methods	sometimes	help

• Related	approaches
• Sacrifice	global	optimality
• Give	up	guarantees

• Sampling-based	methods
• Reinforcement	learning

18

1D:	
<	0.1s
negligible	RAM

2D:	
seconds
negligible	RAM

3D:	
minutes
tens	of	megabytes

4D:
hours
hundreds	of	megabytes

number	of	system	dimensions

Computation	
time	and	
RAM	usage

5D:
days
gigabytes

𝑂 𝑁? time	and	space	complexity!

6D:
intractable!



Numerical	Toolboxes

• helperOC Matlab toolbox
• https://github.com/HJReachability/helperOC.git
• Reachability	wrapper	around	the	level	set	toolbox
• Requires	level	set	toolbox

• Hamilton-Jacobi	PDE	solver	by	Ian	Mitchell,	UBC
• https://bitbucket.org/ian_mitchell/toolboxls

• C++,	CUDA,	Julia	version	in	development,	beta	available	for	C++
• C++:	5+	times	faster	than	Matlab
• CUDA:	Up	to	100	times	faster	than	Matlab
• https://github.com/HJReachability/beacls



Tutorial	Code	Overview

tutorial.m in	helperOC



Tutorial	Code	Overview
Computation	domain
• Make	sure	domain	is	large	enough
• Make	sure	grid	resolution	captures	smallest	features
• Remember	periodic	state	space	dimensions	(angles)

Target	set
• Built-in	functions	available	to	create	simple	shapes
• Arbitrary	functions	can	be	defined	using	the	grid

• g.xs{i}	in	this	context	represents	ith state

Time	horizon
• dt	and	tau	determine	what	𝑡 is	stored	for	𝑉 𝑡, 𝑥
• Time	discretization	for	computation	is	determined	

automatically	to	ensure	numerical	stability

Vehicle	parameters	(Dubins car’s	speed	and	max	turn	
rate)

Reach	or	avoid?	(min	for	reach,	max	for	avoid)



Tutorial	Code	Overview

ODE	model	of	system
• Implemented	as	classes,	found	in	

the	DynSys folder
• Implementing	extra	models	is	

relatively	simple

Pack	parameters	and	solve	PDE
• minWith parameter	determines	

whether	reachable	sets	or	tubes	are	
computed

• Solution	is	stored	in	data,	which	is	a	
𝑛 + 1 -dimensional	array


