Last Lecture of the Term: Today!

* Office hours:
 Wednesday, Nov. 27 class time (10:30 — 11:30)
* Next Monday, Dec. 2 regular time (14:00 — 15:30)

* Poster presentation:
* Next Monday, Dec. 2, 10:30 — 12:20 at the Big Data Hub

* Project report, poster pdf, assignment 3:
* Due next Monday, Dec. 2, 23:59:59 on CourSys

 BC Al Student Show Case: Dec. 8, 16:00 — 19:00 at Fairmont Waterfront Hotel

* Register at https://www.eventbrite.ca/e/british-columbia-ai-student-showcase-
presenter-registration-tickets-77891986027 if you wish
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Outline

e Kalman Filter
e Parametric filter for linear systems and measurement models

* Extended Kalman Filter
* Extension to nonlinear systems and measurement models

* Unscented Kalman Filter
* (Somewhat) non-parametric filter

* Particle Filter
* Non-parametric filter




Bayes filter

Continuous state space Discrete state space

Input: bel(x;_1), Us_1, Z; Input: {pk,t—l}» Up_1, Z¢

Output: bel(x;) Output: {pk,t}

For every X, For every k,

____Perform prediction: Perform prediction:

bel(x;) = fp(xtlut—lrxt—l)bd(xt—l)dxt—l ﬁk,t — Zp(xt|ut—1»xt—1)pk,t—1
Perform measurement update: Perform measurement update:

bel(x;) = np(z¢|x)bel(x,) bel(x;) = np(z¢|x) Pt

Return bel(xt) Return {pk t}




Localization

(Xe—1,Ye-1,0t-1), 2¢




ocalization

m; = (mi,x' mi,y)




Localization

m; = (mi,x' mi,y)
0




Bayes filter

* Continuous state space: Closed-form bel(x; ) is unlikely. Need
discretization and interpolation

* Must iterate through every x; or every k
* Number of states is exponential in state space dimension

* Solution: exploit structure or make assumptions
e Parametric filters: assume a form for distributions
* Non-parametric filters: represent distributions using samples




Kalman Filter

e Bayes filter with additional assumptions

1. |Initial Gaussian belief

+ bel (xg)~N (i, Zo)
* Approximates single-modal distributions well

2. Linear system dynamics with Gaussian noise
* Xy = Ax;_q + Bus_4 + €
* Noise is independent e,~N (0, R;)

3. Linear measurement model
* Zzy = Cyx¢ + 64, 6,~N(0,Q;)




Gaussian Distributions

* Probability density function, scalar case:

1 1(x —u)?
p(x) = (2mo?) 2 exp 2( 02#) ~N(y,0?)

* Probability density function, vector case:

p(x) = det(2n%) Zexp 2 (x — W TE " (x — 4) ) ~N (1, )

TR
©coo




Key Properties Needed

o If X~N(u,2),andY = AX + b, then
Y~N(Au + b, AXAT)

¢ Ile""N(l/ll,21),X2~N(‘Ll2,22), and Y = X1 + Xz, then
Y~N(uy + pp, 2y + 25)

* Product of Gaussian probability distribution functions is also Gaussian
* More complicated expression/derivation




Result of Assumptions and Gaussian
Distribution Properties

1. Gaussian initial belief:

1
bel(xg) = p(x) = det(ZFZO)_% exp (‘ > (X0 — Ho)Tzal(xo — Mo))

2. Linear dynamics x; = Ax;_q + Bus_q + €, €,~N (0, R;) implies
1

1 1 _
p(x¢|xe—1,ur—1) = det(2mR;) 2 exp (‘ E (x¢ — Ax¢_q — But—l)TRt 1(xt — Axp_q1 — But—1)>

3. Linear measurement model z; = Cix; + &4, 8;~N (0, Q;) implies
1

1 1 _
p(z¢|x¢) = det(2mQ) 2exp| — E(Zt — Cexe) Q71 (ze — Cexy)

 Result: Posterior belief bel(x;) is Gaussian for all t!
* Start with bel(xg)~N (ug, Zg), obtain bel(x;)~N (us, Z;) from bel(xq—1)~N(Us—1, Z¢—1)
* Only the parameters u; and Z; need to be updated to capture distribution over all x;




Kalman Filter

* Bayes' filter algorithm:

Input: bel(x;_1), Us_1, Z¢
Output: bel(x;)
For every x¢,
Perform prediction:
bel(x;) = fP(Xt|ut—1»Xt—1)bel(xt—1)dxt—1
Perform measurement update:
bel(x¢) = np(z¢|x:)bel(xy)
Return bel(x;)

e Kalman filter algorithm:

Input: py_q, -1, Up—1, 2
Output: us, X
Perform prediction:

Perform measurement update:

Return Ut Zt




Key Properties of Gaussian Distributions

o If X~N(u,2),andY = AX + b, then
Y~N(Au + b, AXAT)

¢ Ile""N(l/ll,21),X2~N(‘Ll2,22), and Y = X1 + Xz, then
Y~N(uy + pp, 2y + 25)

* Linear dynamics: x; = Ax;_; + Bu,_,; + €¢;, €,~N(0,R;)

* If x,_{~N(ue_1,2;_1) then x,~(fi,, 2,), where
* bt = Ape—q + Bug
¢ Zt —_ Azt_lAT + Rt




Kalman Filter

* Bayes' filter algorithm:

Input: bel(x;_1), Us_1, Z¢
Output: bel(x;)
For every x¢,
Perform prediction:
bel(x;) = fP(Xt|ut—1»Xt—1)bel(xt—1)dxt—1
Perform measurement update:
bel(x¢) = np(z¢|x:)bel(xy)
Return bel(x;)

e Kalmn filter algorithm:

Input: py_q, -1, Up—1, 2
Output: us, X

Perform prediction:
He = Apg—1 + Buy_4
5. =A%, AT + R,

Perform measurement update:

Return Ut Zt




Key Property of Gaussian Distributions

* Product of Gaussian probability distribution functions are also
Gaussian random variables

* More complicated expression/derivation

e Linear measurement model Gaussian Gaussi_an
e
e z, = Cpxp + 8, 6,~N(0,Q,) ™1™ N(cht Q) (ut Z)

* Measurement update: bel(x;) = np(zt|xt)bel(xt)

* K, =2,C (CE.C + Q)™

* Uy =+ Kt(Zt__ Cefle)
* Xy = (I — K. Cp)Z,




Kalman Filter

* Bayes' filter algorithm: e Kalmn filter algorithm:

Input: bel(x;—1), ug—1, 2¢ Input: py_q, -1, Up—1, 2
Output: bel(x;) Output: us, X
For every Xx¢, Perform prediction:
Perform prediction: He = Alte_q +TBut_1
bel(x¢) = [ p(xelue—1, xe—1)bel(xe—1)dx,4 2y = A2 14" + Ry
Perform measurement update:
_ K, =X,C/ (C.X,C/ + Q)7
bel(x¢) = np(z¢|x)bel(x) ue = iy + K (2, — Cpiiy)
Return bel(x;) X = (I — K.Cp)Z,
Return Ut Zt

Perform measurement update:




Kalman Filter: Discussion

e “Kalman gain”:
* K = :C/ (G E:C + Q)7

* Update mean: u; = i, + K, (z; — C.i1;)
* Ki(z; — C¢fiy) term compares actual z; and predicted measurement Cji;
e z; — C¢ iy is called “innovation”

« K; ~ 0 > observation is not useful (eg. Q; — o or X, = 0)
* K; ~ C/1 - prediction is not useful (eg. Z; — oo)




Kalman Filter: Discussion

Possible advantages

* Only O(n?) parameters to
update
* 1 has O(n) parameters

e ¥ has 0(n?) parameters
 Bayes filter has O(N™)

* Closed form update formulas

* Bayes filter requires numerical
integration

Possible disadvantages

* Linear system dynamics

* Most robotic systems are
nonlinear

e Gaussian distribution
assumption

* Only unimodal situations can be
considered




Extended Kalman Filter

* Addresses the linear dynamics assumption
xe = g(Xp—1,Ut—1) + €, €.~N(O,R;)
z¢ = h(x¢) + 8¢, 6:~N (0, Q¢)

* Linearize the nonlinear maps

ger—,up—q) = ge—1, Ue—1) + Vg QUe—q, Up—q) (Xe—1 — Ue—1)

h(x:) = h(i) + VA(i) (e — pe)
* Compatible with non-linear systems and nonlinear measurement models
e Gaussian initial belief implies Gaussian belief for all time




EKF algorithm

e Kalmn filter algorithm: * Extended Kalman filter algorithm:
* Xt = Axt—l + But—l + €t, EtNN(O’ Rt) * Xt = g(xt_l, ut_l) + €¢) Et"’N(O, Rt)
* z¢ = Cexp + 64, 6,~N(0,Qp) « z; = h(x;) + &, 6:~N(0, Q)

Input: Ue_q, 2¢—1, Ur_1, Z¢ Input: g1, Le—1, Ut—1,Z¢
Output: Ue, Zt Output: Ut Zt
Perform prediction: Perform prediction:

fe = Ape—1 + Bup—q

S, = AL, 1A + R,
Perform measurement update: Perform measurement update:

Ke = Z:C (G EeCf + Q)71
ue = [y + Ke(ze — Cefiy)
X = U — K CZy

Return pi, 24 Return U, Xt




EKF Prediction

* Linear dynamics * Nonlinear dynamics
* Xy = Axi_q + Bus_q + €, €~N(O,Ry) * xp = g(Xp—1,Up—1) + €, €,~N(0, Ry)

* Linearized dynamics

* X¢ = g(Ur—1, Up—1) + G (Xp—q — Ue—1),
Gy = Vg(Ue—1, Us—1)

* Kalman filter prediction * EFK Prediction

. ut—Aut 1 +Bu;_4 * Ijt g(#t 1:ut 1)




EKF algorithm

e Kalmn filter algorithm: * Extended Kalman filter algorithm:
* Xt = Axt—l + But—l + €t EtNN(O’ Rt) * Xt = g(xt_l, ut_l) + €¢) Et"’N(O, Rt)
* z¢ = Cexp + 64, 6,~N(0,Qp) « z; = h(x;) + &, 6:~N(0, Q;)
* Linearization: G; = Vg(us_1,us—1), Hy = Vh(ji;)
Input: Ue_q, 2¢—1, Ur_1, Z¢ Input: g1, Le—1, Ut—1,Z¢
Output: Ue, Zt Output: Ut Zt
Perform prediction: Perform prediction:
fe = Alle—1 + Bue4 He = g(Ue—1,Ut—1)
.= AT, AT +R, Y = GZi G + R,
Perform measurement update: Perform measurement update:
Ke = Z¢C¢ (CeE G + Q)71
ue = iy + Ke(z; — Ceity)
X = U — K CZy

Return pi, 24 Return ug, Xt




EKF Measurement Updates

e Linear measurement model * Nonlinear measurement model
* Z = Cex¢ + 8¢, 6, ~N (O, Q¢) * zt = h(x¢) + 8¢, 6.~N(0, Q¢)

e Linearized measurement model

* h(xe) = (i) + He(xe — i),
Hy = Vh(fi)

* Kalman filter measurement update * EFK measurement update
* Ky =2,.C/ (C.2.Cf + Q)™ * K = fthT(thtHg + Q)1
* U =t Kt(Zt__ Cefte) * Ur = Ut T+ Kt(Zt — h(/jt))
* X = - KC)E, e ¥ = (I —K.H)Z,




EKF algorithm

e Kalmn filter algorithm: * Extended Kalman filter algorithm:
* Xy = Ax;_q + Bug_y + €, €,~N(O,Ry) o x; = g(x,_q,us_q) + €, 6,~N(0,R;)
* 7y = Cpxe + 64, 6.~N(0,Q;) * z; = h(x;) + &;,6:~N(0,Q;)
* Linearization: G; = Vg(us_1,us—1), Hy = Vh(ji;)
Input: te—q1, Ze—1, Up—1, Z¢ Input: py—q, Le—1, Up—1,Z¢
Output: t, Xy Output: pe, ¢
Perform prediction: Perform prediction:
fe = Alle—1 +But 1 1 = g(pe- 1»ut 1)
Xy = AXy_ 1A + R, Zt GeXy_ 1Gt + R;
Perform measurement update Perform measurement update:
Ke = £, (CZ, G + Q)™ Ky = Z.Hi (HZeH! + Q)"
pe = iy + Ke(z¢ — Cefiy) Uy = Iy + Kt(Zt — h(ﬁt))

Xy = (I — KtCt)Zt Zt — (I - Kth)it
Return pi, 24 Return ug, Xt




EKF: transform Gaussian distributions

Unscented Kalman Filter using linearization

* Takes full knowledge of nonlinear dynamics
* No linearization
* Represents distributions using “Sigma points”
* Transforms sigma points using nonlinear dynamics

* Approximates distribution using sigma points

* Best fit Gaussian distribution given weights UKF: transforms sigma points and fits
Gaussian distributions




Particle Filter

* Non-parametric filter
* Probability distributions bel(x;_;) directly represented by samples

* Prediction step: sample using dynamics
1 (e, 219, )

° ftl
* Measurement update step: weighted resampling based on measurements

e Select M new particles from {fy]} with probability « Wt[i] =p (Zt‘xy])




Particle Filter

* Bayes’ filter algorithm: * Particle filter algorithm:
* Represent bel(x,) with M samples

Input: bel(x;—1), Us—1, Z¢
Output: bel(x;) Input: X¢—q, Ug-1,Z¢
For every xg, Output: X¢
Perform prediction: Perform prediction:
bel(x,) = | pCeelue—_1, x—1)bel(x,_1)dx,_y Draw %;''~p (xt|ut—1’xz[i—]1)’i =1L..M> X, = {x—t[i]}]i\il
Perform measurement update: Perform measurement update:
bel(x,) = np(z;|x,)bel(x,) Compute weights wt[i] =p (zt|ft[i]),i =1,..,.M
Resample M times[f]rom X = X "

* Each time, draw X, with probability — ]
w

17t
Return bel(x¢) Return X,




Unscented Kalman filter

e Pass sigma points through nonlinear dynamics
* Y = g()

* Compute mean and variance of {;}
u' = iwiY;
X =Ywi (Y — )Y —p)'T




