
Chapter 15: Temporal Bayesian networks

W45-Wed
- No class Fri or Mon
- Midterm grades are out

The world changes; we need to track and predict it
Examples:
- Tracking an object's trajectory: military, ecology, ...
- Disease management
- Economics/finance

Basic idea: copy state and evidence variables for each time step
X_t = set of unobservable state variables at time t e.g., BloodSugart, StomachContentst, etc.
E_t = set of observable evidence variables at time t
e.g., MeasuredBloodSugart, PulseRatet, FoodEatent

This assumes discrete time; step size depends on problem Notation: Xa:b =Xa,Xa+1,...,Xb−1,Xb



Markov process

Markov assumption: Xt depends on a fixed subset of 
X0:t

First-order Markov process: P(Xt|X0:t−1) = P(Xt|Xt−1)
Second-order Markov process: P(Xt|X0:t−1) = P(Xt|Xt−2, Xt−1)

Markov assumption is never strictly true. Options for improving accuracy of model:
- Increase order of Markov process
- Add more variables. Ex: velocity. 



Example: Umbrella and rain

We're a dog that never goes outside. We see if our owner takes their umbrella each day. We want to know if it is raining. 



Naive inference

Naive algorithm: Use inference by enumeration. 



Inference tasks

Filtering: 

Prediction: 

Smoothing:

Most likely explanation: 

P (Xt|e1:t)
<latexit sha1_base64="DPpnCak8igMdVlXm8QzpuRDp0k8=">AAAB+XicbZDLSgNBEEV74ivG16hLN41BiJswI4LiKuBGdxHMA5Jh6OlUkiY9D7prAmHMn7hxoYhb/8Sdf2MnmYUmXmg43Kqiqm+QSKHRcb6twtr6xuZWcbu0s7u3f2AfHjV1nCoODR7LWLUDpkGKCBooUEI7UcDCQEIrGN3O6q0xKC3i6BEnCXghG0SiLzhDY/m2Xa+0faRPFPzMvcHpuW+XnaozF10FN4cyyVX37a9uL+ZpCBFyybTuuE6CXsYUCi5hWuqmGhLGR2wAHYMRC0F72fzyKT0zTo/2Y2VehHTu/p7IWKj1JAxMZ8hwqJdrM/O/WifF/rWXiShJESK+WNRPJcWYzmKgPaGAo5wYYFwJcyvlQ6YYRxNWyYTgLn95FZoXVdfww2W5dp/HUSQn5JRUiEuuSI3ckTppEE7G5Jm8kjcrs16sd+tj0Vqw8plj8kfW5w/DuZJ1</latexit><latexit sha1_base64="DPpnCak8igMdVlXm8QzpuRDp0k8=">AAAB+XicbZDLSgNBEEV74ivG16hLN41BiJswI4LiKuBGdxHMA5Jh6OlUkiY9D7prAmHMn7hxoYhb/8Sdf2MnmYUmXmg43Kqiqm+QSKHRcb6twtr6xuZWcbu0s7u3f2AfHjV1nCoODR7LWLUDpkGKCBooUEI7UcDCQEIrGN3O6q0xKC3i6BEnCXghG0SiLzhDY/m2Xa+0faRPFPzMvcHpuW+XnaozF10FN4cyyVX37a9uL+ZpCBFyybTuuE6CXsYUCi5hWuqmGhLGR2wAHYMRC0F72fzyKT0zTo/2Y2VehHTu/p7IWKj1JAxMZ8hwqJdrM/O/WifF/rWXiShJESK+WNRPJcWYzmKgPaGAo5wYYFwJcyvlQ6YYRxNWyYTgLn95FZoXVdfww2W5dp/HUSQn5JRUiEuuSI3ckTppEE7G5Jm8kjcrs16sd+tj0Vqw8plj8kfW5w/DuZJ1</latexit><latexit sha1_base64="DPpnCak8igMdVlXm8QzpuRDp0k8=">AAAB+XicbZDLSgNBEEV74ivG16hLN41BiJswI4LiKuBGdxHMA5Jh6OlUkiY9D7prAmHMn7hxoYhb/8Sdf2MnmYUmXmg43Kqiqm+QSKHRcb6twtr6xuZWcbu0s7u3f2AfHjV1nCoODR7LWLUDpkGKCBooUEI7UcDCQEIrGN3O6q0xKC3i6BEnCXghG0SiLzhDY/m2Xa+0faRPFPzMvcHpuW+XnaozF10FN4cyyVX37a9uL+ZpCBFyybTuuE6CXsYUCi5hWuqmGhLGR2wAHYMRC0F72fzyKT0zTo/2Y2VehHTu/p7IWKj1JAxMZ8hwqJdrM/O/WifF/rWXiShJESK+WNRPJcWYzmKgPaGAo5wYYFwJcyvlQ6YYRxNWyYTgLn95FZoXVdfww2W5dp/HUSQn5JRUiEuuSI3ckTppEE7G5Jm8kjcrs16sd+tj0Vqw8plj8kfW5w/DuZJ1</latexit><latexit sha1_base64="DPpnCak8igMdVlXm8QzpuRDp0k8=">AAAB+XicbZDLSgNBEEV74ivG16hLN41BiJswI4LiKuBGdxHMA5Jh6OlUkiY9D7prAmHMn7hxoYhb/8Sdf2MnmYUmXmg43Kqiqm+QSKHRcb6twtr6xuZWcbu0s7u3f2AfHjV1nCoODR7LWLUDpkGKCBooUEI7UcDCQEIrGN3O6q0xKC3i6BEnCXghG0SiLzhDY/m2Xa+0faRPFPzMvcHpuW+XnaozF10FN4cyyVX37a9uL+ZpCBFyybTuuE6CXsYUCi5hWuqmGhLGR2wAHYMRC0F72fzyKT0zTo/2Y2VehHTu/p7IWKj1JAxMZ8hwqJdrM/O/WifF/rWXiShJESK+WNRPJcWYzmKgPaGAo5wYYFwJcyvlQ6YYRxNWyYTgLn95FZoXVdfww2W5dp/HUSQn5JRUiEuuSI3ckTppEE7G5Jm8kjcrs16sd+tj0Vqw8plj8kfW5w/DuZJ1</latexit>

P (Xt+k|e1:t)
<latexit sha1_base64="OFlT6X9Qnj4EoWQCvwocOs/MoRw=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARKkJJRFBcFdzoroK9QFvCZDpph04mYeZEqDH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvx4JrcJxva2FxaXlltbBWXN/Y3Nq2d3YbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3h1bjevGdK80jewShm3ZD0JQ84JWAsz96vlVteCifDDD9i5qXuJWTHnl1yKs5EeB7cHEooV82zvzq9iCYhk0AF0brtOjF0U6KAU8GyYifRLCZ0SPqsbVCSkOluOrk+w0fG6eEgUuZJwBP390RKQq1HoW86QwIDPVsbm//V2gkEF92UyzgBJul0UZAIDBEeR4F7XDEKYmSAUMXNrZgOiCIUTGBFE4I7++V5aJxWXMO3Z6XqTR5HAR2gQ1RGLjpHVXSNaqiOKHpAz+gVvVlP1ov1bn1MWxesfGYP/ZH1+QPNjZQr</latexit><latexit sha1_base64="OFlT6X9Qnj4EoWQCvwocOs/MoRw=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARKkJJRFBcFdzoroK9QFvCZDpph04mYeZEqDH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvx4JrcJxva2FxaXlltbBWXN/Y3Nq2d3YbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3h1bjevGdK80jewShm3ZD0JQ84JWAsz96vlVteCifDDD9i5qXuJWTHnl1yKs5EeB7cHEooV82zvzq9iCYhk0AF0brtOjF0U6KAU8GyYifRLCZ0SPqsbVCSkOluOrk+w0fG6eEgUuZJwBP390RKQq1HoW86QwIDPVsbm//V2gkEF92UyzgBJul0UZAIDBEeR4F7XDEKYmSAUMXNrZgOiCIUTGBFE4I7++V5aJxWXMO3Z6XqTR5HAR2gQ1RGLjpHVXSNaqiOKHpAz+gVvVlP1ov1bn1MWxesfGYP/ZH1+QPNjZQr</latexit><latexit sha1_base64="OFlT6X9Qnj4EoWQCvwocOs/MoRw=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARKkJJRFBcFdzoroK9QFvCZDpph04mYeZEqDH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvx4JrcJxva2FxaXlltbBWXN/Y3Nq2d3YbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3h1bjevGdK80jewShm3ZD0JQ84JWAsz96vlVteCifDDD9i5qXuJWTHnl1yKs5EeB7cHEooV82zvzq9iCYhk0AF0brtOjF0U6KAU8GyYifRLCZ0SPqsbVCSkOluOrk+w0fG6eEgUuZJwBP390RKQq1HoW86QwIDPVsbm//V2gkEF92UyzgBJul0UZAIDBEeR4F7XDEKYmSAUMXNrZgOiCIUTGBFE4I7++V5aJxWXMO3Z6XqTR5HAR2gQ1RGLjpHVXSNaqiOKHpAz+gVvVlP1ov1bn1MWxesfGYP/ZH1+QPNjZQr</latexit><latexit sha1_base64="OFlT6X9Qnj4EoWQCvwocOs/MoRw=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARKkJJRFBcFdzoroK9QFvCZDpph04mYeZEqDH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvx4JrcJxva2FxaXlltbBWXN/Y3Nq2d3YbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3h1bjevGdK80jewShm3ZD0JQ84JWAsz96vlVteCifDDD9i5qXuJWTHnl1yKs5EeB7cHEooV82zvzq9iCYhk0AF0brtOjF0U6KAU8GyYifRLCZ0SPqsbVCSkOluOrk+w0fG6eEgUuZJwBP390RKQq1HoW86QwIDPVsbm//V2gkEF92UyzgBJul0UZAIDBEeR4F7XDEKYmSAUMXNrZgOiCIUTGBFE4I7++V5aJxWXMO3Z6XqTR5HAR2gQ1RGLjpHVXSNaqiOKHpAz+gVvVlP1ov1bn1MWxesfGYP/ZH1+QPNjZQr</latexit>

P (Xk|e1:t)
<latexit sha1_base64="ebGQ0ZgnMuL+7EFKoM7Gx4cQsXA=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEuimJCIqrghvdVbAXaEOYTE/aoZNJmJmIJeZV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6e1jsPIBWLxb2eJOBFZChYyCjRxvLtSrPW9bNxjp8w+Jl7pfNT3646dWcmvAxuAVVUqOnbX/1BTNMIhKacKNVznUR7GZGaUQ55uZ8qSAgdkyH0DAoSgfKy2e05PjHOAIexNE9oPHN/T2QkUmoSBaYzInqkFmtT879aL9XhpZcxkaQaBJ0vClOOdYynQeABk0A1nxggVDJzK6YjIgnVJq6yCcFd/PIytM/qruG782rjtoijhI7QMaohF12gBrpBTdRCFD2iZ/SK3qzcerHerY9564pVzByiP7I+fwCGW5N4</latexit><latexit sha1_base64="ebGQ0ZgnMuL+7EFKoM7Gx4cQsXA=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEuimJCIqrghvdVbAXaEOYTE/aoZNJmJmIJeZV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6e1jsPIBWLxb2eJOBFZChYyCjRxvLtSrPW9bNxjp8w+Jl7pfNT3646dWcmvAxuAVVUqOnbX/1BTNMIhKacKNVznUR7GZGaUQ55uZ8qSAgdkyH0DAoSgfKy2e05PjHOAIexNE9oPHN/T2QkUmoSBaYzInqkFmtT879aL9XhpZcxkaQaBJ0vClOOdYynQeABk0A1nxggVDJzK6YjIgnVJq6yCcFd/PIytM/qruG782rjtoijhI7QMaohF12gBrpBTdRCFD2iZ/SK3qzcerHerY9564pVzByiP7I+fwCGW5N4</latexit><latexit sha1_base64="ebGQ0ZgnMuL+7EFKoM7Gx4cQsXA=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEuimJCIqrghvdVbAXaEOYTE/aoZNJmJmIJeZV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6e1jsPIBWLxb2eJOBFZChYyCjRxvLtSrPW9bNxjp8w+Jl7pfNT3646dWcmvAxuAVVUqOnbX/1BTNMIhKacKNVznUR7GZGaUQ55uZ8qSAgdkyH0DAoSgfKy2e05PjHOAIexNE9oPHN/T2QkUmoSBaYzInqkFmtT879aL9XhpZcxkaQaBJ0vClOOdYynQeABk0A1nxggVDJzK6YjIgnVJq6yCcFd/PIytM/qruG782rjtoijhI7QMaohF12gBrpBTdRCFD2iZ/SK3qzcerHerY9564pVzByiP7I+fwCGW5N4</latexit><latexit sha1_base64="ebGQ0ZgnMuL+7EFKoM7Gx4cQsXA=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEuimJCIqrghvdVbAXaEOYTE/aoZNJmJmIJeZV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6e1jsPIBWLxb2eJOBFZChYyCjRxvLtSrPW9bNxjp8w+Jl7pfNT3646dWcmvAxuAVVUqOnbX/1BTNMIhKacKNVznUR7GZGaUQ55uZ8qSAgdkyH0DAoSgfKy2e05PjHOAIexNE9oPHN/T2QkUmoSBaYzInqkFmtT879aL9XhpZcxkaQaBJ0vClOOdYynQeABk0A1nxggVDJzK6YjIgnVJq6yCcFd/PIytM/qruG782rjtoijhI7QMaohF12gBrpBTdRCFD2iZ/SK3qzcerHerY9564pVzByiP7I+fwCGW5N4</latexit>

argmaxx1:t
P (x1:t|e1:t)

<latexit sha1_base64="aP1hHhvmDMe0kt39b6Al9Njf10A=">AAACFXicbZDLSgNBEEV74ju+oi7dNAYhgoQZERRXghvdRTAPSMLQ06kkTXoedNdIwjg/4cZfceNCEbeCO//GTjILTbzQcLhVRXVdL5JCo21/W7mFxaXlldW1/PrG5tZ2YWe3psNYcajyUIaq4TENUgRQRYESGpEC5nsS6t7galyv34PSIgzucBRB22e9QHQFZ2gst3DcQhhiwlTPZ8PUTYZu4lxgmtJKKUP6QGFKR26haJftieg8OBkUSaaKW/hqdUIe+xAgl0zrpmNH2DbbUHAJab4Va4gYH7AeNA0GzAfdTiZXpfTQOB3aDZV5AdKJ+3siYb7WI98znT7Dvp6tjc3/as0Yu+ftRARRjBDw6aJuLCmGdBwR7QgFHOXIAONKmL9S3meKcTRB5k0IzuzJ81A7KTuGb0+LlzdZHKtknxyQEnHIGbkk16RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uze+SPrM8fNxmezg==</latexit><latexit sha1_base64="aP1hHhvmDMe0kt39b6Al9Njf10A=">AAACFXicbZDLSgNBEEV74ju+oi7dNAYhgoQZERRXghvdRTAPSMLQ06kkTXoedNdIwjg/4cZfceNCEbeCO//GTjILTbzQcLhVRXVdL5JCo21/W7mFxaXlldW1/PrG5tZ2YWe3psNYcajyUIaq4TENUgRQRYESGpEC5nsS6t7galyv34PSIgzucBRB22e9QHQFZ2gst3DcQhhiwlTPZ8PUTYZu4lxgmtJKKUP6QGFKR26haJftieg8OBkUSaaKW/hqdUIe+xAgl0zrpmNH2DbbUHAJab4Va4gYH7AeNA0GzAfdTiZXpfTQOB3aDZV5AdKJ+3siYb7WI98znT7Dvp6tjc3/as0Yu+ftRARRjBDw6aJuLCmGdBwR7QgFHOXIAONKmL9S3meKcTRB5k0IzuzJ81A7KTuGb0+LlzdZHKtknxyQEnHIGbkk16RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uze+SPrM8fNxmezg==</latexit><latexit sha1_base64="aP1hHhvmDMe0kt39b6Al9Njf10A=">AAACFXicbZDLSgNBEEV74ju+oi7dNAYhgoQZERRXghvdRTAPSMLQ06kkTXoedNdIwjg/4cZfceNCEbeCO//GTjILTbzQcLhVRXVdL5JCo21/W7mFxaXlldW1/PrG5tZ2YWe3psNYcajyUIaq4TENUgRQRYESGpEC5nsS6t7galyv34PSIgzucBRB22e9QHQFZ2gst3DcQhhiwlTPZ8PUTYZu4lxgmtJKKUP6QGFKR26haJftieg8OBkUSaaKW/hqdUIe+xAgl0zrpmNH2DbbUHAJab4Va4gYH7AeNA0GzAfdTiZXpfTQOB3aDZV5AdKJ+3siYb7WI98znT7Dvp6tjc3/as0Yu+ftRARRjBDw6aJuLCmGdBwR7QgFHOXIAONKmL9S3meKcTRB5k0IzuzJ81A7KTuGb0+LlzdZHKtknxyQEnHIGbkk16RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uze+SPrM8fNxmezg==</latexit><latexit sha1_base64="aP1hHhvmDMe0kt39b6Al9Njf10A=">AAACFXicbZDLSgNBEEV74ju+oi7dNAYhgoQZERRXghvdRTAPSMLQ06kkTXoedNdIwjg/4cZfceNCEbeCO//GTjILTbzQcLhVRXVdL5JCo21/W7mFxaXlldW1/PrG5tZ2YWe3psNYcajyUIaq4TENUgRQRYESGpEC5nsS6t7galyv34PSIgzucBRB22e9QHQFZ2gst3DcQhhiwlTPZ8PUTYZu4lxgmtJKKUP6QGFKR26haJftieg8OBkUSaaKW/hqdUIe+xAgl0zrpmNH2DbbUHAJab4Va4gYH7AeNA0GzAfdTiZXpfTQOB3aDZV5AdKJ+3siYb7WI98znT7Dvp6tjc3/as0Yu+ftRARRjBDw6aJuLCmGdBwR7QgFHOXIAONKmL9S3meKcTRB5k0IzuzJ81A7KTuGb0+LlzdZHKtknxyQEnHIGbkk16RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uze+SPrM8fNxmezg==</latexit>

W46-Wed:
- A3 due next Monday
- Look at your midterms in office hours. 
-



Filtering

Goal: Find a recursive state estimation algorithm. We want: 
P(X_t+1 | e_1:t+1) = f(e_t+1, P(X_t | e_1:t))

P(X_t+1 | e_1:t, e_t+1)
= 1/Z P(X_t+1, e_t+1 | e_1:t)
= 1/Z sum_xt P(X_t+1, xt, e_1:t, e_t+1)
= 1/Z P(e_t+1 | X_t+1) sum_Xt P(X_t, e+1:t) P(X_t+1 | X_t) 

Algorithm: For i=1...t, compute P(X_i | e_1:i)



Filtering

def forward(e, T, HMM):  
    f = matrix(T, HMM.D)  
    f[0,:] = HMM.P(X_0)  
    for t in 1:T:  
        for i in 1:D:  
            for j in 1:D:  
                f[t,i] += HMM.P(e_t | X_t+1 = i) * 
                          HMM.P(X_t+1 = i | X_t = j) * 
                          f[t-1, j]  
    return f[T, :] / sum(f[T, :])  

e: evidence
T: Length of sequence.
HMM.D: Size of the domain of the hidden variable (e.g. D=2 for the rain example).
HMM.P: Conditional probability distribution of the HMM.



Filtering example

Observed data: [umbrella, umbrella, no umbrella]

f:
t=0: 0.5 0.5
t=1:
  R: 0.9*(0.5*0.7 + 0.5*0.3) = 0.45
  -R: 0.2*(0.5*0.3 + 0.5*0.7) = 0.1
t=2:
  R: 0.9*(0.45*0.7 + 0.1*0.3) = 0.31
  -R: 0.2*(0.45*0.3 + 0.1*0.7) = 0.04
t=3:
  R: 0.1*(0.31*0.7 + 0.04*0.3) = 0.023
  -R: 0.8*(0.31*0.3 + 0.04*0.7) = 0.097
alpha = 1/0.12
output: [0.192, 0.808]



Smoothing

Backwards probability:

We can divide the problem into two subproblems.

P(X_k | e:t) = P(X_k | e1:k, ek+1:t)
= α P(X_k | e_1:k) P(e_k+1:t | X_k, e_1:k)
= αP(X_k | e_1:k) P(e_k+1:t | X_k) 
=  α f_1:k * b_k+1:t

P(e_{k+1:t} | X_k)
= sum_{x_k+1} P(e_k+1:t | x_k+1) P(x_k+1|X_k)
= sum_{x_k+1} P(e_k+1 | x_k+1) P(e_k+2:t | x_k+1) P(x_k+1|X_k)



Smoothing

Summary of algorithm:
- Store both f and b; each a matrix of  T x D.
- Initialize: f[0,:] = P(X_0). b[T+1,:] = vector of 1's.
- Iteratively compute f[i,:] using f[i-1,:]. Likewise compute b[i,:] using b[i+1,:]
- Compute P(X_i | e_1:t) = alpha * f[i,:] * b[i,:]



Smoothing
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alpha = 1 /(f[t,0]*b[t,0] + f[t,1]*b[t,1])
P(Xt=1 | e1:T) = alpha * f[t,1] * b[t,1]
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Viterbi

Most likely explanation: argmaxx1:t
P (x1:t|e1:t)

<latexit sha1_base64="aP1hHhvmDMe0kt39b6Al9Njf10A=">AAACFXicbZDLSgNBEEV74ju+oi7dNAYhgoQZERRXghvdRTAPSMLQ06kkTXoedNdIwjg/4cZfceNCEbeCO//GTjILTbzQcLhVRXVdL5JCo21/W7mFxaXlldW1/PrG5tZ2YWe3psNYcajyUIaq4TENUgRQRYESGpEC5nsS6t7galyv34PSIgzucBRB22e9QHQFZ2gst3DcQhhiwlTPZ8PUTYZu4lxgmtJKKUP6QGFKR26haJftieg8OBkUSaaKW/hqdUIe+xAgl0zrpmNH2DbbUHAJab4Va4gYH7AeNA0GzAfdTiZXpfTQOB3aDZV5AdKJ+3siYb7WI98znT7Dvp6tjc3/as0Yu+ftRARRjBDw6aJuLCmGdBwR7QgFHOXIAONKmL9S3meKcTRB5k0IzuzJ81A7KTuGb0+LlzdZHKtknxyQEnHIGbkk16RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uze+SPrM8fNxmezg==</latexit><latexit sha1_base64="aP1hHhvmDMe0kt39b6Al9Njf10A=">AAACFXicbZDLSgNBEEV74ju+oi7dNAYhgoQZERRXghvdRTAPSMLQ06kkTXoedNdIwjg/4cZfceNCEbeCO//GTjILTbzQcLhVRXVdL5JCo21/W7mFxaXlldW1/PrG5tZ2YWe3psNYcajyUIaq4TENUgRQRYESGpEC5nsS6t7galyv34PSIgzucBRB22e9QHQFZ2gst3DcQhhiwlTPZ8PUTYZu4lxgmtJKKUP6QGFKR26haJftieg8OBkUSaaKW/hqdUIe+xAgl0zrpmNH2DbbUHAJab4Va4gYH7AeNA0GzAfdTiZXpfTQOB3aDZV5AdKJ+3siYb7WI98znT7Dvp6tjc3/as0Yu+ftRARRjBDw6aJuLCmGdBwR7QgFHOXIAONKmL9S3meKcTRB5k0IzuzJ81A7KTuGb0+LlzdZHKtknxyQEnHIGbkk16RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uze+SPrM8fNxmezg==</latexit><latexit sha1_base64="aP1hHhvmDMe0kt39b6Al9Njf10A=">AAACFXicbZDLSgNBEEV74ju+oi7dNAYhgoQZERRXghvdRTAPSMLQ06kkTXoedNdIwjg/4cZfceNCEbeCO//GTjILTbzQcLhVRXVdL5JCo21/W7mFxaXlldW1/PrG5tZ2YWe3psNYcajyUIaq4TENUgRQRYESGpEC5nsS6t7galyv34PSIgzucBRB22e9QHQFZ2gst3DcQhhiwlTPZ8PUTYZu4lxgmtJKKUP6QGFKR26haJftieg8OBkUSaaKW/hqdUIe+xAgl0zrpmNH2DbbUHAJab4Va4gYH7AeNA0GzAfdTiZXpfTQOB3aDZV5AdKJ+3siYb7WI98znT7Dvp6tjc3/as0Yu+ftRARRjBDw6aJuLCmGdBwR7QgFHOXIAONKmL9S3meKcTRB5k0IzuzJ81A7KTuGb0+LlzdZHKtknxyQEnHIGbkk16RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uze+SPrM8fNxmezg==</latexit><latexit sha1_base64="aP1hHhvmDMe0kt39b6Al9Njf10A=">AAACFXicbZDLSgNBEEV74ju+oi7dNAYhgoQZERRXghvdRTAPSMLQ06kkTXoedNdIwjg/4cZfceNCEbeCO//GTjILTbzQcLhVRXVdL5JCo21/W7mFxaXlldW1/PrG5tZ2YWe3psNYcajyUIaq4TENUgRQRYESGpEC5nsS6t7galyv34PSIgzucBRB22e9QHQFZ2gst3DcQhhiwlTPZ8PUTYZu4lxgmtJKKUP6QGFKR26haJftieg8OBkUSaaKW/hqdUIe+xAgl0zrpmNH2DbbUHAJab4Va4gYH7AeNA0GzAfdTiZXpfTQOB3aDZV5AdKJ+3siYb7WI98znT7Dvp6tjc3/as0Yu+ftRARRjBDw6aJuLCmGdBwR7QgFHOXIAONKmL9S3meKcTRB5k0IzuzJ81A7KTuGb0+LlzdZHKtknxyQEnHIGbkk16RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uze+SPrM8fNxmezg==</latexit>

m(x_t) <- prob of most likely sequence of states ending in x_t
m(x_t) = max_{x_1:t-1} P(x_t, x_{1:t-1} | e_1:t)
= P(e_{t+1} | X_t+1) max_{x_t} 

Most likely sequence != sequence of most likely states!

argmax: Returns the item with the highest value. (In contrast to max, which returns the value itself).
e.g.: 
argmax( {"a": 1, "b": 2} ) -> "b"
max( {"a": 1, "b": 2} ) -> 2



Filtering
def viterbi(e, T, HMM):  
    m = matrix(T, HMM.D) 
    prev = matrix(T, HMM.D) 
    m[0,:] = HMM.P(X_0)  
    for t in 1:T:  
        for i in 1:HMM.D:  
            prob = list[j] 
            for j in 1:D:  
                prob[j] = m[t-1, j] *  
                          HMM.P(i | j) *  
                          HMM.P(e_t | i) 
            m[t,i] = max(prob) 
            prev[t,i] = argmax(prob) 
    path = list(T) 
    path[T] = argmax[m[T,:]] 
    for t in T-1:1: 
        path[t] = prev[t+1, path[t+1]] 
    return path



Viterbi example



Using probabilities in log space

log(x · y) = log(x) + log(y)
<latexit sha1_base64="fqZTmSmhghegOOkgytdk26Qv60c=">AAACDHicbZDLSsNAFIYnXmu9VV26GSxCi1ASEXQjFNzoroK9QBPKZDJph05mwsxEDKEP4MZXceNCEbc+gDvfxmmThbb+MPDxn3M4c34/ZlRp2/62lpZXVtfWSxvlza3tnd3K3n5HiURi0saCCdnzkSKMctLWVDPSiyVBkc9I1x9fTevdeyIVFfxOpzHxIjTkNKQYaWMNKlWXiWHtAbo4EBqmdXgJc6cOT3JK66bLbtgzwUVwCqiCQq1B5csNBE4iwjVmSKm+Y8fay5DUFDMyKbuJIjHCYzQkfYMcRUR52eyYCTw2TgBDIc3jGs7c3xMZipRKI990RkiP1Hxtav5X6yc6vPAyyuNEE47zRWHCoBZwmgwMqCRYs9QAwpKav0I8QhJhbfIrmxCc+ZMXoXPacAzfnlWbN0UcJXAIjkANOOAcNME1aIE2wOARPINX8GY9WS/Wu/WRty5ZxcwB+CPr8wfQIpjt</latexit><latexit sha1_base64="fqZTmSmhghegOOkgytdk26Qv60c=">AAACDHicbZDLSsNAFIYnXmu9VV26GSxCi1ASEXQjFNzoroK9QBPKZDJph05mwsxEDKEP4MZXceNCEbc+gDvfxmmThbb+MPDxn3M4c34/ZlRp2/62lpZXVtfWSxvlza3tnd3K3n5HiURi0saCCdnzkSKMctLWVDPSiyVBkc9I1x9fTevdeyIVFfxOpzHxIjTkNKQYaWMNKlWXiWHtAbo4EBqmdXgJc6cOT3JK66bLbtgzwUVwCqiCQq1B5csNBE4iwjVmSKm+Y8fay5DUFDMyKbuJIjHCYzQkfYMcRUR52eyYCTw2TgBDIc3jGs7c3xMZipRKI990RkiP1Hxtav5X6yc6vPAyyuNEE47zRWHCoBZwmgwMqCRYs9QAwpKav0I8QhJhbfIrmxCc+ZMXoXPacAzfnlWbN0UcJXAIjkANOOAcNME1aIE2wOARPINX8GY9WS/Wu/WRty5ZxcwB+CPr8wfQIpjt</latexit><latexit sha1_base64="fqZTmSmhghegOOkgytdk26Qv60c=">AAACDHicbZDLSsNAFIYnXmu9VV26GSxCi1ASEXQjFNzoroK9QBPKZDJph05mwsxEDKEP4MZXceNCEbc+gDvfxmmThbb+MPDxn3M4c34/ZlRp2/62lpZXVtfWSxvlza3tnd3K3n5HiURi0saCCdnzkSKMctLWVDPSiyVBkc9I1x9fTevdeyIVFfxOpzHxIjTkNKQYaWMNKlWXiWHtAbo4EBqmdXgJc6cOT3JK66bLbtgzwUVwCqiCQq1B5csNBE4iwjVmSKm+Y8fay5DUFDMyKbuJIjHCYzQkfYMcRUR52eyYCTw2TgBDIc3jGs7c3xMZipRKI990RkiP1Hxtav5X6yc6vPAyyuNEE47zRWHCoBZwmgwMqCRYs9QAwpKav0I8QhJhbfIrmxCc+ZMXoXPacAzfnlWbN0UcJXAIjkANOOAcNME1aIE2wOARPINX8GY9WS/Wu/WRty5ZxcwB+CPr8wfQIpjt</latexit><latexit sha1_base64="fqZTmSmhghegOOkgytdk26Qv60c=">AAACDHicbZDLSsNAFIYnXmu9VV26GSxCi1ASEXQjFNzoroK9QBPKZDJph05mwsxEDKEP4MZXceNCEbc+gDvfxmmThbb+MPDxn3M4c34/ZlRp2/62lpZXVtfWSxvlza3tnd3K3n5HiURi0saCCdnzkSKMctLWVDPSiyVBkc9I1x9fTevdeyIVFfxOpzHxIjTkNKQYaWMNKlWXiWHtAbo4EBqmdXgJc6cOT3JK66bLbtgzwUVwCqiCQq1B5csNBE4iwjVmSKm+Y8fay5DUFDMyKbuJIjHCYzQkfYMcRUR52eyYCTw2TgBDIc3jGs7c3xMZipRKI990RkiP1Hxtav5X6yc6vPAyyuNEE47zRWHCoBZwmgwMqCRYs9QAwpKav0I8QhJhbfIrmxCc+ZMXoXPacAzfnlWbN0UcJXAIjkANOOAcNME1aIE2wOARPINX8GY9WS/Wu/WRty5ZxcwB+CPr8wfQIpjt</latexit>

log(x+ y) = log(x) + log(1 + exp(log(y)� log(x))
<latexit sha1_base64="etN5QI5lEvc+ypSK49U3f6Wy+iE=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAILWKZEUE3SsGN7irYC7SlZNLTNjRzITkjLUPfxo2v4kZQEV36JqbTClo9EPjOf/5Dkt8NpdBo2x9WamFxaXklvZpZW9/Y3Mpu71R1ECkOFR7IQNVdpkEKHyooUEI9VMA8V0LNHVxO5rU7UFoE/i2OQmh5rOeLruAMjdTOXjRl0MsP6SEdFeg5nXYF0ybkTABhiDEMw3E+0Yzv6NtXaGdzdtFOiv4FZwY5MqtyO/vc7AQ88sBHLpnWDccOsRUzhYJLGGeakYaQ8QHrQcOgzzzQrTj555geGKVDu4Eyx0eaqD83YuZpPfJc4/QY9vX8bCL+N2tE2D1rxcIPIwSfTy/qRpJiQCeh0Y5QwFGODDCuhHkr5X2mGEcTbcaE4Mx/+S9Uj4uO4ZuTXOl6Fkea7JF9kicOOSUlckXKpEI4uSeP5IW8Wg/Wk/VmvU+tKWu2s0t+lfX5BXXOog0=</latexit><latexit sha1_base64="etN5QI5lEvc+ypSK49U3f6Wy+iE=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAILWKZEUE3SsGN7irYC7SlZNLTNjRzITkjLUPfxo2v4kZQEV36JqbTClo9EPjOf/5Dkt8NpdBo2x9WamFxaXklvZpZW9/Y3Mpu71R1ECkOFR7IQNVdpkEKHyooUEI9VMA8V0LNHVxO5rU7UFoE/i2OQmh5rOeLruAMjdTOXjRl0MsP6SEdFeg5nXYF0ybkTABhiDEMw3E+0Yzv6NtXaGdzdtFOiv4FZwY5MqtyO/vc7AQ88sBHLpnWDccOsRUzhYJLGGeakYaQ8QHrQcOgzzzQrTj555geGKVDu4Eyx0eaqD83YuZpPfJc4/QY9vX8bCL+N2tE2D1rxcIPIwSfTy/qRpJiQCeh0Y5QwFGODDCuhHkr5X2mGEcTbcaE4Mx/+S9Uj4uO4ZuTXOl6Fkea7JF9kicOOSUlckXKpEI4uSeP5IW8Wg/Wk/VmvU+tKWu2s0t+lfX5BXXOog0=</latexit><latexit sha1_base64="etN5QI5lEvc+ypSK49U3f6Wy+iE=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAILWKZEUE3SsGN7irYC7SlZNLTNjRzITkjLUPfxo2v4kZQEV36JqbTClo9EPjOf/5Dkt8NpdBo2x9WamFxaXklvZpZW9/Y3Mpu71R1ECkOFR7IQNVdpkEKHyooUEI9VMA8V0LNHVxO5rU7UFoE/i2OQmh5rOeLruAMjdTOXjRl0MsP6SEdFeg5nXYF0ybkTABhiDEMw3E+0Yzv6NtXaGdzdtFOiv4FZwY5MqtyO/vc7AQ88sBHLpnWDccOsRUzhYJLGGeakYaQ8QHrQcOgzzzQrTj555geGKVDu4Eyx0eaqD83YuZpPfJc4/QY9vX8bCL+N2tE2D1rxcIPIwSfTy/qRpJiQCeh0Y5QwFGODDCuhHkr5X2mGEcTbcaE4Mx/+S9Uj4uO4ZuTXOl6Fkea7JF9kicOOSUlckXKpEI4uSeP5IW8Wg/Wk/VmvU+tKWu2s0t+lfX5BXXOog0=</latexit><latexit sha1_base64="etN5QI5lEvc+ypSK49U3f6Wy+iE=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAILWKZEUE3SsGN7irYC7SlZNLTNjRzITkjLUPfxo2v4kZQEV36JqbTClo9EPjOf/5Dkt8NpdBo2x9WamFxaXklvZpZW9/Y3Mpu71R1ECkOFR7IQNVdpkEKHyooUEI9VMA8V0LNHVxO5rU7UFoE/i2OQmh5rOeLruAMjdTOXjRl0MsP6SEdFeg5nXYF0ybkTABhiDEMw3E+0Yzv6NtXaGdzdtFOiv4FZwY5MqtyO/vc7AQ88sBHLpnWDccOsRUzhYJLGGeakYaQ8QHrQcOgzzzQrTj555geGKVDu4Eyx0eaqD83YuZpPfJc4/QY9vX8bCL+N2tE2D1rxcIPIwSfTy/qRpJiQCeh0Y5QwFGODDCuhHkr5X2mGEcTbcaE4Mx/+S9Uj4uO4ZuTXOl6Fkea7JF9kicOOSUlckXKpEI4uSeP5IW8Wg/Wk/VmvU+tKWu2s0t+lfX5BXXOog0=</latexit>

Probabilities often run into underflow. 

x*y => log(x * y) = log(x) + log(y)
x + y => 
Bad way: log(exp(x) + exp(y))
Good way: log(x+y) = log(x) + log(1 + exp(log(y) - log(x))
Choose x to be the larger (less negative) of the two.
implemented by log_sum() in A3



Assignment 3

- You will implement both Viterbi and smoothing.
- Posterior decode: argmax_{x_k} P(x_k | e_{i:t}). Provided for you.
- Use probabilities in log space. 



Assignment 2 recap: grade distribution



Assignment 2 recap: time spent



Assignment 2 recap



Problem 14.1

We have a bag of three biased coins a,b and c with 
probabilities of coming up heads of 20%, 60%, and 
80%, respectively. One coin is drawn randomly from 
the bag (with equal likelihood of drawing each of the 
three coins), and then the coin is flipped three times to 
generate the outcomes X1, X2, and X3. 

(a)  Draw the Bayesian network corresponding to this 
setup and define the necessary CPTs.  

(b)  Calculate which coin was most likely to have been 
drawn from the bag if the observed flips come out 
heads twice and tails once.  



Problem 14.1



Problem 14.16

Investigate the complexity of exact inference in 
general Bayesian networks. Prove that any 3-SAT 
problem can be reduced to exact inference in a 
Bayesian network constructed to represent the 
particular problem and hence that exact inference is 
NP-hard. 

(Hint: consider a network with one variable for each 
proposition symbol, one for each clause, and one for 
the conjunction of clauses.) 



Problem 14.16



Problem 15.13

A professor wants to know if students are getting enough sleep. Each day, 
the professor observes whether the students sleep in class, and whether 
they have red eyes. The professor has the following domain theory: 
• The prior probability of getting enough sleep, with no observation, is 0.7.
• The probability of getting enough sheep on night t is 0.8 given that the 

student got enough sleep the previous night, and 0.3 if not.
• The probability of having red eyes is 0.2 if the student got enough sleep, 

and 0.7 if not. 
• The probability of sleeping in class is 0.1 if the student got enough sleep, 

and 0.3 if not.  

Formulate this information as a dynamic Bayesian network that the 
professor could use to filter or predict form a sequence of observations. 
Then reformulate it as a hidden Markov model that has only a single 
observation variable. Five the complete probability tables for the model.  



Problem 15.13


