
Chapter 14: Bayesian networks

A Bayesian network consists of:
- A set of random variables (nodes)
- A directed, acyclic graph over variables. 

- An edge A -> B ≈ "A directly influences B"
- A conditional distribution for each node given its 

parents.
P (Xi|Parents(Xi))
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Noise
Midterm
A2 due tonight

Bayes nets are a way to represent conditional dependence. 
Recall that full joint probability tables are not useful in practice because: (1) they are too big, (2) they are not intuitive. 
A Bayesian network is a way to represent a probability distribution using just conditional probability tables. 

Benefits
- easier repr
- Faster inference. Full distribution is exponential.



A Bayesian network defines a full joint distribution

P (x1 . . . xn) =
Y

i

P (xi|Parents(Xi))
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What is the probability of j, m, a, -b, -e? 
0.9×0.7×0.001×0.999×0.998 ≈ 0.00063

Topological order: Order that puts parents before children. 
There is always a topological order for any directed acyclic graph (i.e. any Bayes net)



Example: Cavity

What is the dependence structure of the cavity problem? 



Example: Earthquake

What is the dependence structure of the alarm problem? 

Why do the probabilities not add up to 1? 



Example: Traffic

What is the dependence structure of the traffic problem? 



Compactness

n Boolean variables
Each variable has <= k parents. 
How big is the biggest conditional probability table? 2^(k+1) - 1
Bayes net: Requires O(n * 2^k) parameters. Grows linearly in n.
Versus O(2^k) for the full joint distribution. 

Parameters to specify the whole joint distribution:  
Cavity: 5
Alarm: 10
Traffic: 5



Conditional independence

A B CA 6? C
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A ? C
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C
A 6? C
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We can read off conditional dependence/independence relationships from the network.

Note: Variables can be independent even if they're connected in the graph. We can only know for sure that variables are independent, not dependent. 

Types of connections:
Direct path: a -> b -> c
Upside down V: b <- a -> c
V shape: b -> a <- c



Conditional independence

A B C

A

B

C

A

B

C

A ? C | B
<latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit>

A 6? C | B
<latexit sha1_base64="wIJ0DCbQiJzHd4XlXIadUGVV68c=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlRgRdVrvRXQV7gc5QMmmmDc0kIckIZezGV3HjQhG3PoY738ZMOwtt/eHAx3/OITl/JBnVxvO+naXlldW19dJGeXNre2fX3dtvaZEqTJpYMKE6EdKEUU6ahhpGOlIRlESMtKNRPe+3H4jSVPB7M5YkTNCA05hiZKzVcw+vYMCFgYEkSsI6DOCjretyz614VW8quAh+ARVQqNFzv4K+wGlCuMEMad31PWnCDClDMSOTcpBqIhEeoQHpWuQoITrMpgdM4Il1+jAWyhY3cOr+3shQovU4iexkgsxQz/dy879eNzXxZZhRLlNDOJ49FKcMGgHzNGCfKoING1tAWFH7V4iHSCFsbGZ5CP78yYvQOqv6lu/OK7XbIo4SOALH4BT44ALUwA1ogCbAYAKewSt4c56cF+fd+ZiNLjnFzgH4I+fzBzorlDw=</latexit><latexit sha1_base64="wIJ0DCbQiJzHd4XlXIadUGVV68c=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlRgRdVrvRXQV7gc5QMmmmDc0kIckIZezGV3HjQhG3PoY738ZMOwtt/eHAx3/OITl/JBnVxvO+naXlldW19dJGeXNre2fX3dtvaZEqTJpYMKE6EdKEUU6ahhpGOlIRlESMtKNRPe+3H4jSVPB7M5YkTNCA05hiZKzVcw+vYMCFgYEkSsI6DOCjretyz614VW8quAh+ARVQqNFzv4K+wGlCuMEMad31PWnCDClDMSOTcpBqIhEeoQHpWuQoITrMpgdM4Il1+jAWyhY3cOr+3shQovU4iexkgsxQz/dy879eNzXxZZhRLlNDOJ49FKcMGgHzNGCfKoING1tAWFH7V4iHSCFsbGZ5CP78yYvQOqv6lu/OK7XbIo4SOALH4BT44ALUwA1ogCbAYAKewSt4c56cF+fd+ZiNLjnFzgH4I+fzBzorlDw=</latexit><latexit sha1_base64="wIJ0DCbQiJzHd4XlXIadUGVV68c=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlRgRdVrvRXQV7gc5QMmmmDc0kIckIZezGV3HjQhG3PoY738ZMOwtt/eHAx3/OITl/JBnVxvO+naXlldW19dJGeXNre2fX3dtvaZEqTJpYMKE6EdKEUU6ahhpGOlIRlESMtKNRPe+3H4jSVPB7M5YkTNCA05hiZKzVcw+vYMCFgYEkSsI6DOCjretyz614VW8quAh+ARVQqNFzv4K+wGlCuMEMad31PWnCDClDMSOTcpBqIhEeoQHpWuQoITrMpgdM4Il1+jAWyhY3cOr+3shQovU4iexkgsxQz/dy879eNzXxZZhRLlNDOJ49FKcMGgHzNGCfKoING1tAWFH7V4iHSCFsbGZ5CP78yYvQOqv6lu/OK7XbIo4SOALH4BT44ALUwA1ogCbAYAKewSt4c56cF+fd+ZiNLjnFzgH4I+fzBzorlDw=</latexit><latexit sha1_base64="wIJ0DCbQiJzHd4XlXIadUGVV68c=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlRgRdVrvRXQV7gc5QMmmmDc0kIckIZezGV3HjQhG3PoY738ZMOwtt/eHAx3/OITl/JBnVxvO+naXlldW19dJGeXNre2fX3dtvaZEqTJpYMKE6EdKEUU6ahhpGOlIRlESMtKNRPe+3H4jSVPB7M5YkTNCA05hiZKzVcw+vYMCFgYEkSsI6DOCjretyz614VW8quAh+ARVQqNFzv4K+wGlCuMEMad31PWnCDClDMSOTcpBqIhEeoQHpWuQoITrMpgdM4Il1+jAWyhY3cOr+3shQovU4iexkgsxQz/dy879eNzXxZZhRLlNDOJ49FKcMGgHzNGCfKoING1tAWFH7V4iHSCFsbGZ5CP78yYvQOqv6lu/OK7XbIo4SOALH4BT44ALUwA1ogCbAYAKewSt4c56cF+fd+ZiNLjnFzgH4I+fzBzorlDw=</latexit>

A ? C | B
<latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit><latexit sha1_base64="l5i4KkKNYslLvSGaAe1gbnIhIww=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyURQZfVbnRXwV6gCWUyPWmHTiZhZiKW2Fdx40IRt76IO9/GSZuFtv5w4OM/5zBn/iDhTGnH+bZWVtfWNzZLW+Xtnd29ffug0lZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrBuJH3Ow8gFYvFvZ4k4EdkKFjIKNHG6tuVK+wlIBPcwB5+MnVd7ttVp+bMhJfBLaCKCjX79pc3iGkagdCUE6V6rpNoPyNSM8phWvZSBQmhYzKEnkFBIlB+Nrt9ik+MM8BhLE0JjWfu742MREpNosBMRkSP1GIvN//r9VIdXvoZE0mqQdD5Q2HKsY5xHgQeMAlU84kBQiUzt2I6IpJQbeLKQ3AXv7wM7bOaa/juvFq/LeIooSN0jE6Riy5QHd2gJmohih7RM3pFb9bUerHerY/56IpV7ByiP7I+fwCirZI9</latexit>

We can read off conditional dependence/independence relationships from the network.

Note: Variables can be independent even if they're connected in the graph. We can only know for sure that variables are independent, not dependent. 



Continuous random variables

Uniform distribution Normal distribution

f(x) = (1/2⇡)exp(�x2/2)
<latexit sha1_base64="2ow/U9zHHv9Tfk/0SiWuTnCXo6g=">AAACD3icbZDJSgNBEIZ7XGPcoh69NAYlORhngqAXQfCitwhmgUwMPZ2a2Niz0F0jE4a8gRdfxYsHRbx69ebb2FkObj80fPxVRXX9XiyFRtv+tGZm5+YXFnNL+eWV1bX1wsZmQ0eJ4lDnkYxUy2MapAihjgIltGIFLPAkNL3bs1G9eQdKiyi8wkEMnYD1Q+ELztBY3cKeX0rL9ISWHHpAq9SNRZm6CClmkMbD0n56XT2olvPdQtGu2GPRv+BMoUimqnULH24v4kkAIXLJtG47doydjCkUXMIw7yYaYsZvWR/aBkMWgO5k43uGdNc4PepHyrwQ6dj9PpGxQOtB4JnOgOGN/l0bmf/V2gn6x51MhHGCEPLJIj+RFCM6Cof2hAKOcmCAcSXMXym/YYpxNBGOQnB+n/wXGtWKY/jysHh6MY0jR7bJDikRhxyRU3JOaqROOLknj+SZvFgP1pP1ar1NWmes6cwW+SHr/QvW2pjJ</latexit><latexit sha1_base64="2ow/U9zHHv9Tfk/0SiWuTnCXo6g=">AAACD3icbZDJSgNBEIZ7XGPcoh69NAYlORhngqAXQfCitwhmgUwMPZ2a2Niz0F0jE4a8gRdfxYsHRbx69ebb2FkObj80fPxVRXX9XiyFRtv+tGZm5+YXFnNL+eWV1bX1wsZmQ0eJ4lDnkYxUy2MapAihjgIltGIFLPAkNL3bs1G9eQdKiyi8wkEMnYD1Q+ELztBY3cKeX0rL9ISWHHpAq9SNRZm6CClmkMbD0n56XT2olvPdQtGu2GPRv+BMoUimqnULH24v4kkAIXLJtG47doydjCkUXMIw7yYaYsZvWR/aBkMWgO5k43uGdNc4PepHyrwQ6dj9PpGxQOtB4JnOgOGN/l0bmf/V2gn6x51MhHGCEPLJIj+RFCM6Cof2hAKOcmCAcSXMXym/YYpxNBGOQnB+n/wXGtWKY/jysHh6MY0jR7bJDikRhxyRU3JOaqROOLknj+SZvFgP1pP1ar1NWmes6cwW+SHr/QvW2pjJ</latexit><latexit sha1_base64="2ow/U9zHHv9Tfk/0SiWuTnCXo6g=">AAACD3icbZDJSgNBEIZ7XGPcoh69NAYlORhngqAXQfCitwhmgUwMPZ2a2Niz0F0jE4a8gRdfxYsHRbx69ebb2FkObj80fPxVRXX9XiyFRtv+tGZm5+YXFnNL+eWV1bX1wsZmQ0eJ4lDnkYxUy2MapAihjgIltGIFLPAkNL3bs1G9eQdKiyi8wkEMnYD1Q+ELztBY3cKeX0rL9ISWHHpAq9SNRZm6CClmkMbD0n56XT2olvPdQtGu2GPRv+BMoUimqnULH24v4kkAIXLJtG47doydjCkUXMIw7yYaYsZvWR/aBkMWgO5k43uGdNc4PepHyrwQ6dj9PpGxQOtB4JnOgOGN/l0bmf/V2gn6x51MhHGCEPLJIj+RFCM6Cof2hAKOcmCAcSXMXym/YYpxNBGOQnB+n/wXGtWKY/jysHh6MY0jR7bJDikRhxyRU3JOaqROOLknj+SZvFgP1pP1ar1NWmes6cwW+SHr/QvW2pjJ</latexit><latexit sha1_base64="2ow/U9zHHv9Tfk/0SiWuTnCXo6g=">AAACD3icbZDJSgNBEIZ7XGPcoh69NAYlORhngqAXQfCitwhmgUwMPZ2a2Niz0F0jE4a8gRdfxYsHRbx69ebb2FkObj80fPxVRXX9XiyFRtv+tGZm5+YXFnNL+eWV1bX1wsZmQ0eJ4lDnkYxUy2MapAihjgIltGIFLPAkNL3bs1G9eQdKiyi8wkEMnYD1Q+ELztBY3cKeX0rL9ISWHHpAq9SNRZm6CClmkMbD0n56XT2olvPdQtGu2GPRv+BMoUimqnULH24v4kkAIXLJtG47doydjCkUXMIw7yYaYsZvWR/aBkMWgO5k43uGdNc4PepHyrwQ6dj9PpGxQOtB4JnOgOGN/l0bmf/V2gn6x51MhHGCEPLJIj+RFCM6Cof2hAKOcmCAcSXMXym/YYpxNBGOQnB+n/wXGtWKY/jysHh6MY0jR7bJDikRhxyRU3JOaqROOLknj+SZvFgP1pP1ar1NWmes6cwW+SHr/QvW2pjJ</latexit>

P (a  x < b) =

Z b

a
f(x)dx

<latexit sha1_base64="V/3ZUHyH1prOF3jnEqZvVo8s05E=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0mzIjgi4UCm50V8E+oFNLJs20oZnMmNyRlqEf4MZfceNCEbd+gDv/xkzbhbYeCBzOOZebe7xIcA22/W1llpZXVtey67mNza3tnfzuXl2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7hM/cYDU5qH8hZGEWsHpCe5zykBI3XyhWqRYFewezzE59gr4Qvscgkdcudhvzgs4e4wZ1J22Z4ALxJnRgpohmon/+V2QxoHTAIVROuWY0fQTogCTgUb59xYs4jQAemxlqGSBEy3k8kxY3xklC72Q2WeBDxRf08kJNB6FHgmGRDo63kvFf/zWjH4Z+2EyygGJul0kR8LDCFOm8FdrhgFMTKEUMXNXzHtE0UomP7SEpz5kxdJ/bjsGH5zUqhcz+rIogN0iIrIQaeogq5QFdUQRY/oGb2iN+vJerHerY9pNGPNZvbRH1ifP7SBmD8=</latexit><latexit sha1_base64="V/3ZUHyH1prOF3jnEqZvVo8s05E=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0mzIjgi4UCm50V8E+oFNLJs20oZnMmNyRlqEf4MZfceNCEbd+gDv/xkzbhbYeCBzOOZebe7xIcA22/W1llpZXVtey67mNza3tnfzuXl2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7hM/cYDU5qH8hZGEWsHpCe5zykBI3XyhWqRYFewezzE59gr4Qvscgkdcudhvzgs4e4wZ1J22Z4ALxJnRgpohmon/+V2QxoHTAIVROuWY0fQTogCTgUb59xYs4jQAemxlqGSBEy3k8kxY3xklC72Q2WeBDxRf08kJNB6FHgmGRDo63kvFf/zWjH4Z+2EyygGJul0kR8LDCFOm8FdrhgFMTKEUMXNXzHtE0UomP7SEpz5kxdJ/bjsGH5zUqhcz+rIogN0iIrIQaeogq5QFdUQRY/oGb2iN+vJerHerY9pNGPNZvbRH1ifP7SBmD8=</latexit><latexit sha1_base64="V/3ZUHyH1prOF3jnEqZvVo8s05E=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0mzIjgi4UCm50V8E+oFNLJs20oZnMmNyRlqEf4MZfceNCEbd+gDv/xkzbhbYeCBzOOZebe7xIcA22/W1llpZXVtey67mNza3tnfzuXl2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7hM/cYDU5qH8hZGEWsHpCe5zykBI3XyhWqRYFewezzE59gr4Qvscgkdcudhvzgs4e4wZ1J22Z4ALxJnRgpohmon/+V2QxoHTAIVROuWY0fQTogCTgUb59xYs4jQAemxlqGSBEy3k8kxY3xklC72Q2WeBDxRf08kJNB6FHgmGRDo63kvFf/zWjH4Z+2EyygGJul0kR8LDCFOm8FdrhgFMTKEUMXNXzHtE0UomP7SEpz5kxdJ/bjsGH5zUqhcz+rIogN0iIrIQaeogq5QFdUQRY/oGb2iN+vJerHerY9pNGPNZvbRH1ifP7SBmD8=</latexit><latexit sha1_base64="V/3ZUHyH1prOF3jnEqZvVo8s05E=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0mzIjgi4UCm50V8E+oFNLJs20oZnMmNyRlqEf4MZfceNCEbd+gDv/xkzbhbYeCBzOOZebe7xIcA22/W1llpZXVtey67mNza3tnfzuXl2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7hM/cYDU5qH8hZGEWsHpCe5zykBI3XyhWqRYFewezzE59gr4Qvscgkdcudhvzgs4e4wZ1J22Z4ALxJnRgpohmon/+V2QxoHTAIVROuWY0fQTogCTgUb59xYs4jQAemxlqGSBEy3k8kxY3xklC72Q2WeBDxRf08kJNB6FHgmGRDo63kvFf/zWjH4Z+2EyygGJul0kR8LDCFOm8FdrhgFMTKEUMXNXzHtE0UomP7SEpz5kxdJ/bjsGH5zUqhcz+rIogN0iIrIQaeogq5QFdUQRY/oGb2iN+vJerHerY9pNGPNZvbRH1ifP7SBmD8=</latexit>

What about continuous random variables? Rain -> time to get to work.
Two ways to handle this:
- Discretize. Loses precision.
- Use methods for continuous variables. They are more complicated.

For continuous variables we get a probability density function f(x) rather than a probability mass function P(x). 
The probability of any given value (e.g. x = 5.347...) is almost zero. 
We need to reason about ranges of values. 

Example distributions:
- Uniform
- Gaussian / Normal



Inference in Bayesian networks

Methods
- Construct joint distribution, do naive enumeration.
- Bayes net enumeration
- Variable elmination
- Sampling



Inference by enumeration 

# Computes P(evidence) = sum_hidden P(evidence, hidden) 
def marginalize_enum(bn, vars, evidence): 
    if hidden.empty: return 1.0 
    y = first(vars) # topological order 
    if y in evidence: 
        return bn.p(y=evidence[y] | evidence) *  
               marginalize_enum(bn, vars-y, evidence) 
    else: 
        total = 0 
        for val in y.domain: 
            total += bn.p(y=val | evidence) *  
                     marginalize_enum(bn, vars-y,  
                         evidence+{y=val}) 
        return total 
           

marginalize_enum() = P(evidence) = Sum_{hidden} P(hidden, evidence)

evidence: dictionary {var: val}
vars: set of variables left to process

Topological order: parents first, then children. 



Inference by enumeration 
def infer_enum(bn, query, evidence): 
    dist = probability_table() 
    for val in query.domain: 
        dist[val] = marginalize_enum(bn, bn.vars, 
                          evidence + {query=val}) 

query = variable
evidence: dictionary {var: val}



Factors

Factor: Generalized probability table, without the sum-
to-one requirement.

A factor f defined over random variables A, B and C 
defines a value for each assignment 
  f(A=a, B=b, C=c) = <value>

Operations on factors:
- Fix
- Marginalize
- Product



Factor fix and marginalize

Fix: Restrict the domain of a factor. Used to 
incorporate evidence.

Ex: Fix A = a:

Marginalize: Sum out a hidden variable.

f2(B = b) = f1(A = a,B = b)
<latexit sha1_base64="hGqA74nBzp343sZdJKtXvQu3EcI=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhApSZoqgm0LVje4q2Au0w5BJM21o5kKSEcpQ3Pgqblwo4tancOfbmGm70NYfAl/+cw7J+b2YM6ks69vILS2vrK7l1wsbm1vbO+buXlNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOF1Vm89UCFZFN6rUUydAPdD5jOClbZc88B3K6WrqneCqsh37dJlFZ+i7F5wzaJVtiZCi2DPoAgz1V3zq9uLSBLQUBGOpezYVqycFAvFCKfjQjeRNMZkiPu0ozHEAZVOOllhjI6100N+JPQJFZq4vydSHEg5CjzdGWA1kPO1zPyv1kmUf+GkLIwTRUMyfchPOFIRyvJAPSYoUXykARPB9F8RGWCBidKpZSHY8ysvQrNStjXfnRVrt7M48nAIR1ACG86hBjdQhwYQeIRneIU348l4Md6Nj2lrzpjN7MMfGZ8/jP2Trw==</latexit><latexit sha1_base64="hGqA74nBzp343sZdJKtXvQu3EcI=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhApSZoqgm0LVje4q2Au0w5BJM21o5kKSEcpQ3Pgqblwo4tancOfbmGm70NYfAl/+cw7J+b2YM6ks69vILS2vrK7l1wsbm1vbO+buXlNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOF1Vm89UCFZFN6rUUydAPdD5jOClbZc88B3K6WrqneCqsh37dJlFZ+i7F5wzaJVtiZCi2DPoAgz1V3zq9uLSBLQUBGOpezYVqycFAvFCKfjQjeRNMZkiPu0ozHEAZVOOllhjI6100N+JPQJFZq4vydSHEg5CjzdGWA1kPO1zPyv1kmUf+GkLIwTRUMyfchPOFIRyvJAPSYoUXykARPB9F8RGWCBidKpZSHY8ysvQrNStjXfnRVrt7M48nAIR1ACG86hBjdQhwYQeIRneIU348l4Md6Nj2lrzpjN7MMfGZ8/jP2Trw==</latexit><latexit sha1_base64="hGqA74nBzp343sZdJKtXvQu3EcI=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhApSZoqgm0LVje4q2Au0w5BJM21o5kKSEcpQ3Pgqblwo4tancOfbmGm70NYfAl/+cw7J+b2YM6ks69vILS2vrK7l1wsbm1vbO+buXlNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOF1Vm89UCFZFN6rUUydAPdD5jOClbZc88B3K6WrqneCqsh37dJlFZ+i7F5wzaJVtiZCi2DPoAgz1V3zq9uLSBLQUBGOpezYVqycFAvFCKfjQjeRNMZkiPu0ozHEAZVOOllhjI6100N+JPQJFZq4vydSHEg5CjzdGWA1kPO1zPyv1kmUf+GkLIwTRUMyfchPOFIRyvJAPSYoUXykARPB9F8RGWCBidKpZSHY8ysvQrNStjXfnRVrt7M48nAIR1ACG86hBjdQhwYQeIRneIU348l4Md6Nj2lrzpjN7MMfGZ8/jP2Trw==</latexit><latexit sha1_base64="hGqA74nBzp343sZdJKtXvQu3EcI=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhApSZoqgm0LVje4q2Au0w5BJM21o5kKSEcpQ3Pgqblwo4tancOfbmGm70NYfAl/+cw7J+b2YM6ks69vILS2vrK7l1wsbm1vbO+buXlNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOF1Vm89UCFZFN6rUUydAPdD5jOClbZc88B3K6WrqneCqsh37dJlFZ+i7F5wzaJVtiZCi2DPoAgz1V3zq9uLSBLQUBGOpezYVqycFAvFCKfjQjeRNMZkiPu0ozHEAZVOOllhjI6100N+JPQJFZq4vydSHEg5CjzdGWA1kPO1zPyv1kmUf+GkLIwTRUMyfchPOFIRyvJAPSYoUXykARPB9F8RGWCBidKpZSHY8ysvQrNStjXfnRVrt7M48nAIR1ACG86hBjdQhwYQeIRneIU348l4Md6Nj2lrzpjN7MMfGZ8/jP2Trw==</latexit>

f2(B = b) =
X

a

f1(A = a,B = b)
<latexit sha1_base64="LSTt2DmFZ8gjLc8opfIpyOmyODY=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCBSkzRdBNoepGdxXsBdphyKSZNjTJDElGKEO3bnwVNy4UcesbuPNtzLSz0NYfAj/fOYeT8wcxo0o7zre1tLyyurZe2Chubm3v7Np7+y0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9F1Vm8/EKloJO71OCYeRwNBQ4qRNsi3YehXy1e14ATWYE8l3EeGuOXLGjqFGS76dsmpOFPBRePmpgRyNXz7q9ePcMKJ0JghpbquE2svRVJTzMik2EsUiREeoQHpGisQJ8pLp5dM4LEhfRhG0jyh4ZT+nkgRV2rMA9PJkR6q+VoG/6t1Ex1eeCkVcaKJwLNFYcKgjmAWC+xTSbBmY2MQltT8FeIhkghrE14Wgjt/8qJpVSuu8XdnpfptHkcBHIIjUAYuOAd1cAMaoAkweATP4BW8WU/Wi/Vufcxal6x85gD8kfX5A7S0loY=</latexit><latexit sha1_base64="LSTt2DmFZ8gjLc8opfIpyOmyODY=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCBSkzRdBNoepGdxXsBdphyKSZNjTJDElGKEO3bnwVNy4UcesbuPNtzLSz0NYfAj/fOYeT8wcxo0o7zre1tLyyurZe2Chubm3v7Np7+y0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9F1Vm8/EKloJO71OCYeRwNBQ4qRNsi3YehXy1e14ATWYE8l3EeGuOXLGjqFGS76dsmpOFPBRePmpgRyNXz7q9ePcMKJ0JghpbquE2svRVJTzMik2EsUiREeoQHpGisQJ8pLp5dM4LEhfRhG0jyh4ZT+nkgRV2rMA9PJkR6q+VoG/6t1Ex1eeCkVcaKJwLNFYcKgjmAWC+xTSbBmY2MQltT8FeIhkghrE14Wgjt/8qJpVSuu8XdnpfptHkcBHIIjUAYuOAd1cAMaoAkweATP4BW8WU/Wi/Vufcxal6x85gD8kfX5A7S0loY=</latexit><latexit sha1_base64="LSTt2DmFZ8gjLc8opfIpyOmyODY=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCBSkzRdBNoepGdxXsBdphyKSZNjTJDElGKEO3bnwVNy4UcesbuPNtzLSz0NYfAj/fOYeT8wcxo0o7zre1tLyyurZe2Chubm3v7Np7+y0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9F1Vm8/EKloJO71OCYeRwNBQ4qRNsi3YehXy1e14ATWYE8l3EeGuOXLGjqFGS76dsmpOFPBRePmpgRyNXz7q9ePcMKJ0JghpbquE2svRVJTzMik2EsUiREeoQHpGisQJ8pLp5dM4LEhfRhG0jyh4ZT+nkgRV2rMA9PJkR6q+VoG/6t1Ex1eeCkVcaKJwLNFYcKgjmAWC+xTSbBmY2MQltT8FeIhkghrE14Wgjt/8qJpVSuu8XdnpfptHkcBHIIjUAYuOAd1cAMaoAkweATP4BW8WU/Wi/Vufcxal6x85gD8kfX5A7S0loY=</latexit><latexit sha1_base64="LSTt2DmFZ8gjLc8opfIpyOmyODY=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCBSkzRdBNoepGdxXsBdphyKSZNjTJDElGKEO3bnwVNy4UcesbuPNtzLSz0NYfAj/fOYeT8wcxo0o7zre1tLyyurZe2Chubm3v7Np7+y0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9F1Vm8/EKloJO71OCYeRwNBQ4qRNsi3YehXy1e14ATWYE8l3EeGuOXLGjqFGS76dsmpOFPBRePmpgRyNXz7q9ePcMKJ0JghpbquE2svRVJTzMik2EsUiREeoQHpGisQJ8pLp5dM4LEhfRhG0jyh4ZT+nkgRV2rMA9PJkR6q+VoG/6t1Ex1eeCkVcaKJwLNFYcKgjmAWC+xTSbBmY2MQltT8FeIhkghrE14Wgjt/8qJpVSuu8XdnpfptHkcBHIIjUAYuOAd1cAMaoAkweATP4BW8WU/Wi/Vufcxal6x85gD8kfX5A7S0loY=</latexit>



Factor product

Input factors f1 and f2; output a factor with the union of 
the two domains.



Variable elimination


