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Outline

 Required Background
 Spectrum of single tone, Wideband FM (4.5)
 Bessel Function
 BW of FM (4.6)



Required Background
 General form of PM or FM:
 Single tone FM: 

 Complex envelope of a bandpass signal,

 Fourier Series expansion of a periodic signal: 
 If 𝑥𝑥 𝑡𝑡 is periodic with period= 𝑇𝑇0, and Frequency= 𝑓𝑓0, then 𝑥𝑥 𝑡𝑡 can be written as 
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Complex Envelope of Single-Tone FM

 Finding the FT of 𝑠𝑠(𝑡𝑡) is not easy (ϕ(t) is inside the cosine).
 To analyze the spectrum, we start with the complex envelope of 𝑠𝑠(𝑡𝑡):

 For the  single tone FM, we have 

 This is a periodic signal with 𝑇𝑇 = 1
𝑓𝑓𝑚𝑚

⟹ Can be expanded using Fourier 

Series.
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 Fourier Series expansion of �̃�𝑠(t) :

where:

 Let’s make the  change of variable, 𝑥𝑥 = 2𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡 , in the integral. Now we can 
write:

 The above integral is in the form of a very famous function called the Bessel 
Function.
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Fourier Series Expansion of �̃�𝑠(t)
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The Bessel  Function
 The  n-th order Bessel function of the first kind with argument β, 𝐽𝐽𝑛𝑛 𝛽𝛽 , is defined as:

 The Bessel function has many applications including:
 Understanding and analysis of single tone FM modulation

 EM wave propagation

 Heat conduction in cylinders

 Solving Partial Differential Equations

(See: http://functionspace.com/topic/3564/

Interesting-Applications-of-Bessel-Functions )
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Bessel Function (Cont.)
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 Bessel function table can be found in Appendix 3 of Text. (See notes for a copy)
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 𝐽𝐽𝑛𝑛 𝛽𝛽 = 𝐽𝐽−𝑛𝑛 𝛽𝛽 for 𝒏𝒏 even. 

 𝐽𝐽𝑛𝑛 𝛽𝛽 = −𝐽𝐽−𝑛𝑛 𝛽𝛽 for 𝒏𝒏 odd.

 When β is very small:       𝐽𝐽0 𝛽𝛽 ≈1,    𝐽𝐽1 𝛽𝛽 ≈ β/2 ,   𝐽𝐽𝑛𝑛 𝛽𝛽 ≈ 0 n>1

 Power distribution:

 Limit of Bessel function for large 𝑛𝑛:
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Properties of Bessel functions (cont.)

 Zeros of the Bessel functions: For each 𝑛𝑛 , what values of 𝛽𝛽 result in 
𝐽𝐽𝑛𝑛(β) = 0 ? (Use the above graph or table )
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Spectrum of Single Tone FM using the Bessel  
Function
 Now, back to single-tone FM.

 From slide 5, we have:

 Thus: 

 Finally, 
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 We just found:

 Thus:
𝑆𝑆 𝑓𝑓 =

 Observations:
 The spectrum of “Single Tone FM” contains components at 
 Theoretically the BW of single-tone FM is  
 However, because of properties of the Bessel func., the BW can be 

approximated by a limited value. 11

Single Tone FM Spectrum (Cont.)
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One sided spectrum of Single Tone FM 

 Same spectrum as the one we drew on the previous page, only 
represented as one-sided (Amplitude of each component is doubled)
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Bandwidth of Single Tone Wideband FM

 One approximation for limiting the BW of single tone FM is defined as the 
range of frequencies beyond which 𝐽𝐽𝑛𝑛(β) < 0.01 for all 𝑛𝑛.

 Using this approximation we do the following:
1- Use the Bessel function table to find the value of 𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚 that 
satisfies the above requirement.
2- The corresponding bandwidth is then:



 Table 4.2 of text lists 2 𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚 for different values of  𝛽𝛽 :

 Relationship between bandwidth (B) and frequency deviation (Δ𝑓𝑓):
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Bandwidth of Single Tone FM (Cont.)

β 2 𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚

0.1 2

0.3 4

0.5 4

1.0 6

2 8

5 16
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Example
Find the bandwidth of a single tone FM modulated signal with β = 5 and frequency of 
message (single tone) = 15 kHz. What is the bandwidth with respect to Δ𝑓𝑓. Draw the 
spectrum.
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Normalized Bandwidth with respect to β

 Fig 4.9 of text shows the “normalized bandwidth” (B / Δf ) w.r.t. β

 Observation: B/Δf  approaches 2            
as β increases. 

(Recall that the range of the 
instantaneous frequency is 2Δf.) 
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Effect of Message Amplitude on Spectrum
 For a fixed message frequency, 𝑓𝑓𝑚𝑚, let’s look at the effect of changing 

the message amplitude, 𝐴𝐴𝑚𝑚. 

mff =∆= or     1β mff 2or     2 =∆=β
mff 5or     5 =∆=β

 Observations: 
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Effect of Message Frequency on Spectrum

 Now let’s fix the message amplitude, 
𝐴𝐴𝑚𝑚 , and change message frequency, 
𝑓𝑓𝑚𝑚.

 Observations: 

ffm ∆==   ,1β

2/ ,2 ffm ∆==β

5/  ,5 ffm ∆==β



 Carson’s rule is an approximation to FM’s BW, which applies to both single 
tone FM and FM with an arbitrary modulating message. 

 For single tone message: 

Carson’s Rule: 𝐵𝐵 = 2 Δ𝑓𝑓 + 2 𝑓𝑓𝑚𝑚 = 2 Δ𝑓𝑓 (1 + 1
𝛽𝛽

)

 For very small 𝛽𝛽:

 For very large 𝛽𝛽:

 For 1 ≤ 𝛽𝛽 ≤ 20, Carson’s rule is an under-estimation of the BW. 
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Carson’s Rule  for Single Tone FM



 For FM with arbitrary message 𝑚𝑚 𝑡𝑡 with bandwidth 𝑊𝑊:

 New definition: 
Deviation Ratio: D = Δ𝑓𝑓 /W = 𝑘𝑘𝑓𝑓 max 𝑚𝑚 𝑡𝑡 /𝑊𝑊

(This is a generalization of  )

 Carson’s rule can be written as:

𝐵𝐵 = 2 𝐷𝐷 + 1 𝑊𝑊
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Carson’s Rule for General FM (Message=m(t))

Carson’s Rule: B= 2 (Δ𝑓𝑓 + W)

mff /∆=β
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Example
 In FM radio, the max message bandwidth is W = 15kHz, and the allowed max frequency 

deviation is  Δf = 75 KHz. What is the BW of FM radio channels as per Carson’s rule? Compare 
with the previous example which used single tone.

In practice, 200 kHz is allocated. This leaves a 25 kHz guard region above and below the carrier 
freq to reduce the interference with other FM channels.
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