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Order Statistics

ith order statistic = 7th smallest element
minimum/maximum is the first/last order statistic

median is the “halfway point” of the set, i.e., ith order with
> (lower) median: i = |(n+1)/2]
> upper median: i = [(n+1)/2]

Selection Problem

> input: a set A of n distinct numbers and index 4, with 1 <i <mn

> output: ith order statistic of A
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minimum (or maximum): n — 1 comparisons

MINIMUM(A)

min = A[1];
for i =2 ton do
L if min > A[i] then

AW N =

L min = A[i;

simultaneous minimum and maximum

> run Minmvum and Maxivum independently, performing 2(n — 1)
comparisons in total

> can we do better?
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> record (current) min and max at the same time

> observation: for a; and a; with a; < a;, only need to compare
a; with min and a; with max respectively

MIN-AND-MAX

divide elements into [n/2] pairs: {azi—1,a2} fori=1,...,[n/2];
for i =1 to [n/2] do

compare min with minimal of {a2;—1,a2:};

compare max with maximal of {ag;—1,a2:};

B W N =

5 return min, max

> total #comparisons < 3[%]
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Selection Problem

find the ith order statistic of A[p..r|

divide and conquer: divide by RANDOMIZED-PARTITION

> Alqg| is the k := (¢ — p + 1)th order statistic

> if ¢ = k, done; else find such g recursively

> i < k: find the ith statistic of A[p..q — 1];

> i > k: find the (¢ — k)th statistic of Alg + 1..r]
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RANDOMIZED-SELECT(A, p, 1, 7)

1 if p==r1r then
2 L return A[p];

3 ¢ = RANDOMIZED-PARTITION(A, p, );
4 k=g—p+1;

5 if i ==k then

6 L return Afq];

7 else if i < k then
8 | return RANDOMIZED-SELECT(A, p, ¢ — 1,4);

9 else
10 | return RANDOMIZED-SELECT(A, g + 1,7,i — k);
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Average-case Analysis

1
X =1{A[p..q] has exactly k elements}, VI<k<n =E[X;]= -

T(n) < zn:Xk[T(maX {k—1,n—k})+ O(n)]
k=1
E[T(n)] < 3 BIX4] - E[T(max {k — 1,n — k})] + O(n)

_ i %E[T(max{k‘ —Ln—k})]+0(n)

k=1
k-1, ifk> [n/2]
ma.X{k—L’fl—k'}—{n_k7 ika[TL/Q—l

n—1

> E[T(k)] +O(n)

k=|n/2|

E[T(n)] <

S
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Average-case Analysis

E[T(n)] < % i O(n)
k=[n/
show E[T'(n)] = O(n) by induction, i.e. prove E[T(n)] < cn

n—1

2
E[T <= k by inductive hypothesi
[T(n)] < " k_Lz:/QJ ck +an y inductive hypothesis

\ /\

20 n—1 |n/2]—-1
Zk— Z k]l +an
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Worst-case

> what is the worst case running time?

Tn)=T(n—1)+0O(n)

v

to achieve O(n) in worst-case, want “equal” size partition

v

choose median as pivot in MobiriEp-ParTITION(A, P, T, ')
but how to find the median?

> x = approximate median and let
g = Mobiriep-PartiTioN(A, p, ) k=p—q+1

if £k =1, done
i < k: find the ith statistic of A[p..q — 1];
i > k: find the (i — k)th statistic of Ag + 1..r]

v Vv V
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Approximating the Median

> divide A into subarrays of size 5 each (expect for the last one)

A | | | [ ]
" —
Aq A2 As s < ’—n/5-|

> sort A; and find the median x; for all ¢

> apply the same procedure for A := {x1,...,zs} until [A] <5
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SELECT(A, p,r,1)

1 divide A into s = [A.length/5] groups Ay, ..., As;
2 for j =1 tosdo

3 sort A; by insertion sort;

4 L B[j] = (lower) median of Aj;

5 ¢ = SELECT(B, 1,s, [s/2]) ; // find median
6 ¢ = MODIFIED-PARTITION(A, p, T, z); // use x as pivot
7 k=q—p+1; // kth order
8 if i ==k then

o | return z;

10 else if i < k then
1 L return SELECT(A,p,q — 1,4);

12 else
13 L return SELECT(A,q+ 1,7r,i — k);

T(n) =T(n/5]) + max{T'(k —1),T(n — k)} + O(n)
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T(n) =T(n/5]) + max{T'(k—1),T(n — k)} + O(n)
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[5] — 2 groups contributes 3 elements (> )

(2] )

k—1<—+45
10+

similarly, [$] — 2 groups contributes 3 elements (< z)

3n n
— > — < —
k 1_10 6 =n k_10+5

summarizing, max{n —1,n — k} < 7 g +o

T(n) <T([n/5]) +T(Tn/10+5) + O(n)
= 0(n) by substitution method

(U] SFU X.Qiu 13 of 13



	Order Statistics

