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A Hiring Problem

> a company needs to hire new office assistants
> interview a candidate, and hire if better than current
> costs incurred by interviewing (c1) and hiring (c2)

HIRE-ASSISTANT(n)

1 best =0 ; // 0 is a least-qualified dummy candidate
2 fori=1 ton do

3 interview candidate i;

4 if candidate i is better than current best then

5 best = i;

6 L hire candidate i;

> m = # hired people, then total cost = O(cin + com)
> assume ¢y > ¢y, in the worst-case it is O(can)
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Probabilistic Analysis

> make assumptions about the distribution of the input

> analyze in average-case, e.g. running time, solution

the hiring problem
> assume applicants arrive in random order

> what is the expected total cost?
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Indicator Random Variable

1{A} = 1 if A occurs
)0 if A does not occur

Example

Flipping a fair coin n times. Determine the expected number of heads.

X; = I{head at ith toss}

H := #heads = iXi

=1

E[H] =E [Z Xz-] =D E[Xi] =} Pr(Xi=1) = g
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1, i is hired
0, 4 is not hired

X; =1{iis hired} := {

X = ZXi = # hired people

i=1

n

E[X] = ZE[XZ] = ZPr(Xi =1)= Z% = H,

i=1

> harmonic number: H,, = Inn 4+ O(1)
> average hiring cost = O(calnn)

> what if we have no knowledge about distribution?

@ SFU X.Qiu 5 Of 10



Randomized Algorithm

> output non-deterministic results
> use random number generator

> analyze the expected solution value

RANDOMIZED-HIRE-ASSISTANT(n)

1 randomly permute the list of candidates;
2 HIRE-ASSISTANT(n);

> the above algorithm imposes a distribution to the input

> expected hiring cost = O(czalnn)
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Random Permutations

PERMUTE-BY-SORTING(A)

1 n = A.length;
2 fori =1 ton do
| Pli] = Ranpowm(1,n?); // priority of i

w

4 sort A, using P as sort keys;

Theorem

If all P[i]s are unique, the algorithm yields a uniform random permutation.

1

> show that any permutation occurs with equal chance -

> what is the probability of “P[i]'s are unique”?
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Proof of the Theorem

assume PErRMUTE-By-SorTING(A) yields A[o(1)..0(n)], where
(o(1),...,0(n)) is a permutation of (1,...,n)

E; := Ali] receives the o(i)th smallest priority

to show: Pr{E1NExN---NE,} =4
Pr{E1NEyN---NE,}

=Pr{E\} -Pr{Ey | E1}---Pr{E; | Es_1N---NE}---

Pr{En|En_1ﬂ--‘ﬂE1}

1 1 1 1 1

nn—1 n—i+1 1 nl
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Random Permutations

RANDOMIZE-IN-PLACE(A)

1 n = A.length;
2 fori =1 ton do
3 L swap A[i] with A[RANDOM(Z, n)];

Theorem

RANDOMIZE-IN-PLACE computes a uniform random permutation.

> k-permutation of A: a set containing k elements of A, with
no repetitions

> after the ith loop: we have i-permutation of A

> to show: A[l..7] contains this permutation with probability

(n—1)!/n!
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Proof of the Theorem

after loop i, assume we get A[l..7] := (x1,...,2;)

E; := the first (i — 1) loops yield (z1,...,zi—1)
Es := the ith loop puts x; into Ali]

to show Pr{(x1,...,2,)} = Pr{E1 N Ey} = (n Z)v
> Z =1: Pr{<$‘1>} = E
> assume true for i — 1: Pr{E;} = (”_::rl)!

Pr{E1 ﬂEQ} = Pr{El} . PF{EQ ’ El}
(n—1i+1)! 1 ~ (n—1)!
n! n—i+1  nl
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