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Outline

. sorting

. maximum subarray

. matrix multiplication
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Sorting

Sorting problem

. input: a sequence of n numbers a1, . . . , an

. output: a permutation a′
1, . . . , a

′
n such that a′

1 ≤ . . . ≤ a′
n

insertion sort bubble sort
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Divide-and-Conquer

Divide-and-conquer approach

1. divide the problem into subproblems of smaller size each

2. conquer the subproblems by solving them recursively

3. combine the subsolutions correctly

merge sort for the sorting problem

. divide a sequence into two, of equal size

. sort the two subsequences recursively using merge sort

. merge the two sorted subsequences to yield the sorted answer
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Merge

Merge(A,p,q,r)

A

p q

A

q + 1 r

2 3 7 9 11 1 4 6 82 11 42 33 7 4 66 897 89 11

1 2 3 4 6 7 8 9 11

running time?
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Pseudocode

Merge-Sort(A,p,r)

1 if p < r then
2 q = b(p + r)/2c;
3 Merge-Sort(A,p,q);
4 Merge-Sort(A,q + 1,r);
5 Merge(A,p,q,r);

3 1 4 2

1 3 2 4

1 2 3 4

merge

merge

input:

T (n) = 2T (n/2) + Θ(n) ⇒ T (n) = Θ(n logn) (master theorem)
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Maximum Subarray

Maximum Subarray problem

. given a sequence of numbers a1, . . . , an ∈ R

. find a contiguous subsequence with maximum sum

. example: −1, 3,−1, 5, 1, 6,−3, 1

. brute force?

. divide-and-conquer?

low mid high

entirely in A[low..mid] entirely in A[mid..high]

crossing mid
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Combining Solutions

Max-Cross(A,low,mid,high)

. find i s.t. A[i..mid] has the max sum

. find j s.t. A[mid + 1..j] have max sum

. output (i, j, sum), where sum = total sum of A[i..j]

to return the maximum of

. maxA[low..mid]

. maxA[mid+1..high]

. Max-Cross(A,low,mid,high)
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Pseudocode

Find-Maximum-Subarray(A,low,high)

1 if high == low then
2 return (low, high, A[low]);

3 else
4 mid = b(low + high)/2c;
5 L = Find-Maximum-Subarray(A,low,mid);
6 R =Find-Maximum-Subarray(A,mid+1,high);
7 C = Max-Cross(A,low,mid,high);
8 return max {L,R,C} w.r.t. sum property;

running time: T (n) = 2T (n/2) + Θ(n)
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Matrix Multiplication

given A = (aij), B = (bij) ∈ Rn×n, compute C = A ·B

C = (cij) =

ai,1 . . . ai,k


 b1,j

...
bk,j



cij =

n∑
k=1

ai,kbk,j

running time?
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Divide-and-Conquer

(
C11 C12

C21 C22

)
=

(
A11 A12

A21 A22

)
·
(
B11 B12

B21 B22

)

C11 = A11B11 + A12B21

C12 = A11B12 + A12B22

C21 = A21B11 + A22B21

C22 = A21B12 + A22B22
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Pseudocode

Matrix-Multiply(A,B)

1 if n == 1 then
2 c11 = a11 · b11;

3 else
4 partition A,B into 2× 2 blocks;
5 C11 = Matrix-Multiply(A11, B11) + Matrix-Multiply(A12, B21);
6 C12 = Matrix-Multiply(A11, B12) + Matrix-Multiply(A12, B22);
7 C21 = Matrix-Multiply(A21, B11) + Matrix-Multiply(A22, B21);
8 C22 = Matrix-Multiply(A21, B12) + Matrix-Multiply(A22, B22);

9 return C;

running time: T (n) = Θ(1) + 8T (n/2) + Θ(n2)

running time: T (n) = O(n3)

12 of 13X.QiuSFUU



Strassen’s Method

define new matrices S1, . . . , S10 (cf. textbook), where

Si = A∗,∗ ±A∗,∗ or B∗,∗ ±B∗,∗ ∈ R
n
2
×n

2

define new matrices P1, . . . , P7 (subproblems)

P1 = A11S1, P2 = S2B22, P3 = S3B11, P4 = A22S4

P5 = S5S6, P6 = S7S8, P7 = S9S10

C can be calculated by P1, . . . , P7

C11 = P5 + P4 − P2 + P6

C12 = P1 + P2

C21 = P3 + P4

C22 = P5 + P1 − P3 − P7

running time: T (n) = 7T (n/2) + Θ(n2)
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