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Theorem. P € NP N co-NP

Open questions

> P=NP? consensus opinion: no
one of the seven millennium prize problems of CMI (worth 1,000,000%)

> P =NPnNco-NP?
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http://www.claymath.org/millennium-problems/p-vs-np-problem

Formula Satisfiability

given a formula F' in conjunctive normal form (CNF)
> literals: xy,...,xz, € {true,false}

> clauses: C', ..., Cy, of disjunction of literals
Ci=x1VI3V...Vxr
> formula: F=Ci ANCoyN...ANCy,

The satisfiability problem (SaT)

does there exist = € {true, false}" such that F/(z) = true?

also denote by SAT the corresponding language

3-SaT: Sar by restricting each clause with exactly 3 literals
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NP-complete Problems

Theorem (S.A. Cook, 1971). Sat is NP-complete.
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3-SAT is NP-complete

3-Satr € NP

> a certificate is a vector x € {true,false}" s.t. F(z) = true

> x is poly-size and F'(x) can be computed in poly-time
SAT <p 3-SAT

1. start with an arbitrary Sart instance [

2. construct a 3-Sar instance I’

3. show that I = yes < I’ = yes
let F' be an arbitrary CNF formula

F=CiNCoN...NCp,

idea: transform C; with |C;| # 3 into clauses of 3 literals each
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3-SAT is NP-complete

consider any clause C; = (zj, Vi, V...V x;, ) of F
case 1: k£ = 3, done

case 2: k =2, introduce a variable y;, and replace C; by
Czl = (:Eh vV x, V yi1)a Cz2 = (xil V xi, V gll)
> C; = true & C} A C? = true

case 4: k =1, introduce two variables y;,, v;, and replace C; by
Cl.l = (x’h V oy, V yZ'Q), CZ'Q = (3’51'1 Vi, V gm)
Cz3 = (xil Vi, V yiQ)v 024 = (xil Vi, vV gm)

> C; = true & C} AC2 A CP A CH = true
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3-SAT is NP-complete

case 4: k > 4, first introduce a variable y;,

C; = (xzj \/IIIZ'2V...ink)
———
Yiy
and replace C; by C! and C!, where C! has k — 1 literals

Ci = (wn Ve Vyn), Cl=n Vay V...V,

> C; = true & C} A Cl = true

> keep doing this for C! until it has 3 literals (introducing k — 3
variables and k — 2 clauses)
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3-SAT is NP-complete

F=CiNCyN...Cp SAT

F'=(CIANCPA...ACYN(CENCEN...ANCP)
A AN(CENCE AL ACE) 3-SAT

F = true & F' = true

the reduction is polynomial time

> each C; has at most n literals, thus introducing O(n) literals
and clauses

> m clauses in total, thus the reduction can be done in O(mn)
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Tsp is NP-complete

Hawmizronian-CycLe (HC): given an undirected graph G = (V, E),
does it contain an HC?

polynomial reduction

> create a complete graph G’ = (V, E’) and assign distances
d(e) =1, Ve € E, d(e) = 2 otherwise

> G has an HC < G’ has tour of length n
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VERTEX-COVER

> given: undirected G = (V, E) and integer k

> question: does (G contain a vertex cover of size at most k7

3-SAT <p VERTEX-COVER
> F=CiANCyN...N\NCp+— graph G

> how to define vertices and edges?
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VERTEX-COVER is NP-complete

. T
variable gadegt: = — _ connect “z-z"
z
clause gadegt: C = (zVyVz) —
z Yy

example: F'= (z1 Va2V ZT3) A (Z1V x2 V 24)

T T x2 ) z3 3 Tq T4
O

Z2
T2

T T3 T X4

Claim. F' = true & G has a vertex cover C of size n + 2m.

(U] SFU X.Qiu 11 of 13



T T X2 ) x3 z3 T4 T4

Z2

T x3 X T4
F = true = x; or T; must be true
> ' = {true vertices of variable gadets}
> C9 = {remaining vertices of clause gadgets}
> C' = C1 UCQCsy is a vertex cover with |C| =n + 2m
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T T X2 ) x3 T3 T4 T4
O

Z2
T2

gl xs3 1 T4

|C| = n+ 2m = 2 nodes per clause, 1 node per variable gadget
> set covered nodes in variable gadgets to be true (red nodes)
> the assignment is feasible as no conflict

> each clause gadget has 3 “z-z edges”: at least one edge is
covered by a red node

polynomial time reduction?
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