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Disjoint-set Forests

represent each dynamic set by a tree

. Make-Set creates a tree with one node a

. Find-Set?
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. Union(d, f)?

a sequence of n− 1 Union may yield a linear chain of n nodes!
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Union by Rank

. intuitive idea: point T1.root to T2.root if |T1| ≤ |T2|

. use rank: an upper bound on the height of the node

. point T1.root to T2.root if “T1.root.rank ≤ T2.root.rank”
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Path Compression

compress path in Find-Set
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. pass compression does not increase any ranks
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Implementations

Make-Set(x) {x.p = x; x.rank = 0; }

Find-Set(x)

1 if x 6= x.p then
2 x.p = Find-Set(x.p);

3 return x.p;

a

b

c

d

Find-Set(d)

Find-Set(c)

Find-Set(b)

Find-Set(a)a.p = a
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c.p = a

d.p = a
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Implementations

Union(x, y) {Link(Find-Set(x), Find-Set(y)); }

Link(x, y)

1 if x.rank > y.rank then
2 y.p = x;

3 else
4 x.p = y;
5 if x.rank == y.rank then
6 y.rank = y.rank+ 1;

. a node has rank at most n− 1

. the rank is an upper bound of node height
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Running Time

. consider m operations, including n times of Make-Set

Theorem

Using union by rank and path compression, the worst case running time is
O(mα(n)), where α(n) is a very slowly growing function.

. α(n) ≤ 4 for practical n, say for n ≤ 1080

. amortize running time per operation is O(α(n))

. proof cf. Section 21.4
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Representations of Graphs
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directed graph?

weighted graph?

adjacency matrix
0 1 1 0
1 0 1 0
1 1 0 1
0 0 1 0


adjacency list

2 3 �
1 3 �
1 2 �
3 �
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Breadth-First-Search

. given s ∈ V , to discover reachable nodes from s

. compute the shortest distance from s to any reachable v

. also output a search tree

r s t u

v w x y

breadth first, then depth
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Illustration
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how to identify discovered nodes?
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Pseudocode

BFS(G, s)

1 initialize u ∈ V − s: u.d =∞; u.p = nil; // ".d" = distance

2 s.d = 0; s.p = nil ; // ".p" = parent

3 Q = ∅; // initialize queque

4 Enqueue(Q, s);
5 while Q 6= ∅ do
6 u = Dequeue(Q);
7 for each v ∈ V that is adjacent to u do
8 if v.d ==∞ then
9 v.d = u.d+ 1;

10 v.p = u; // record searching path

11 Enqueue(Q, v);

running time?
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Correctness

s

grow a “ball” centerred at s
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Breadth-First Tree

breadth-first tree: Tbfs = (Vp, Ep), where

Vp = {v ∈ V | v.p 6= nil}+ s reachable nodes from s

Ep = {(v.p, v) | v ∈ V − s}
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Print-Path(G, s, v)

1 if v == s then
2 print s;

3 else if v.p == nil then
4 print “no available path”;

5 else
6 Print-Path(G, s, v.p);
7 print v;
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