10. Approximation Algorithms

10.1 Introduction

As we have seen, many combinatorial optimization problema$l®-hard and thus there
is very little hope that we will be able to develop efficierg@lithms for these problems.
Nevertheless, many of these problems are fundamental dvidgthem is of great im-
portance. There are various ways to cope with these hardesdss:

1. Exponential AlgorithmsCertainly, using an algorithm whose running time is ex-
ponential in the worst case might not be too bad after all ifamy insist on
solving instances of small to moderate size.

2. Approximation Algorithms Approximation algorithms are efficient algorithms
that compute suboptimal solutions with a provable apprexiom guarantee. That
is, here we insist on polynomial-time computation but retexcondition that the
algorithm has to find an optimal solution by requiring thatdmputes a feasible
solution that is “close” to optimal.

3. Heuristics Any approach that solves the problem without a formal goi®on
the quality of the solution can be considered as a heuristithe problem. Some
heuristics provide very good solutions in practice. An egbarof such an ap-
proach idocal search Start with an arbitrary solution and perform local impreve
ment steps until no furtherimprovementis possible. Moezgdveuristics are often
practically appealing because they are simple and thusteasyplement.

We give some more remarks:

Some algorithms might perform very well in practice evenutiio their worst-case run-
ning time is exponential. The simplex algorithm solving lihear programmingproblem

is an example of such an algorithm. Most real-world instamitenot correspond to worst-
case instances and thus “typically” the algorithms’ perfance in practice is rather good.
In a way, the worst-case running time viewpoint is overlygimsstic in this situation.

A very successful approach to attack optimization problemginating from practical
applications is to formulate the problem asiateger linear programming (ILPproblem

and to solve the program blP-solvers such as CPLEX. Such solvers are nowadays very
efficient and are capable to solve large instances. Coristgube rightILP-method for
solving a given problem is a matter of smart engineering. StitR-problems can be
solved by just running an ILP-solver; others can only be etlwith the help of more
sophisticated methods such as branch-and-bound, cydkémg, column generation, etc.
Especially rostering problems, like classes of universitor schedules of personnel in
hospitals, are notorious for being extremely hard to s@liready for small sizes. Solving
ILP-problems is an art that can be learned only in practice.

Here we will focus on approximation algorithms in order tgpeavith NP-hardness of
problems. We give a formal definition of these algorithmg firs

Definition 10.1. An algorithmALG for a minimization problenfll is ana-approximation
algorithmwith a > 1 if it computes for every instandes Z in polynomial time a feasible
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solutionSe F whose cost(S) is at mosta times the cosOPT(1) of an optimal solution
forl,i.e.,c(S) <a-OPT(l).

The definition is similar for maximization problems. Herdsitmore natural to assume
that we want to maximize a weight (or profit) function 7 — R that maps every feasible
solutionS € F of an instancé € 7 to some real value.

Definition 10.2. An algorithmALG for a maximization problerfl is ana-approximation
algorithmwith a > 1 if it computes for every instandez Z in polynomial time a feasible
solutionSe F whose weight (or profity(S) is at Ieast% times the weighOPT (1) of an
optimal (i.e., maximum weight) solution fori.e.,w(S) > % -OPT(l).

Note that we would like to design approximation algorithnigwthe approximation ra-
tio a being as small as possible. A lot of research in theoreticalputer science and
discrete mathematics is dedicated to the finding of “googiiragimation algorithms for
combinatorial optimization problems.

10.2 Approximation Algorithm for Vertex Cover

We start with an easy approximation algorithm for tiegtex coveiproblem, which has
been introduced before: Given a graBh= (V,E), find a vertex coveY’ C V of small-
est cardinality. Recall that we showed that the decisiofaaaof vertex coveris NP-
complete.

One of the major difficulties in the design of approximatitgoaithms is to come up with

a good estimate for the optimal solution c&RT (). (We will omit | subsequently.)
Recall that a matchiniyl is a subset of the edges having the property that no two edges
share a common endpoint. We call a matchingnaximumif the cardinality ofM is
maximum; we call imaximalif it is inclusion-wisemaximal, i.e., we cannot add another
edge toM without rendering it infeasible. Note that a maximum matchis a maximal

one but not vice versa.

Lemma 10.1.Let G= (V,E) be an undirected graph. If M is a matching of G then
OPT > |M|.

Proof. Consider an arbitrary vertex covét of G. Every matching edggu,v) € M must
be covered by at least one vertexMh i.e., {u,v} NV’ = 0. Because the edgeshm do
not share any endpoints, we hgvé| > |M|. O

We conclude that we can derive an easy 2-approximation iglgofor vertex coveras
follows:

Theorem 10.1. Algorithm 14 is a 2-approximation algorithm for vertex cover.

Proof. Clearly, the running time of Algorithm4 is polynomial because we can find a
maximal matching in time at mo€d(n+ m). The algorithm outputs a feasible vertex
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Input : Undirected grapls = (V,E).
Output: Vertex covelV’ C V.

1 Find a maximal matchiniy! of G.
2 Output the se¥’ of matched vertices.

Algorithm 14: Approximation algorithm fovertex cover

cover because of the maximality bf. To see this, suppose that the resulting\&eis
not a vertex cover. Then there is an edgev) with u,v ¢ V/ and thus bothu andv are
unmatched irM. We can then add the edge,v) to M and obtain a feasible matching,
which contradicts the maximality d¥1. Finally, observe thafv’| = 2|M| < 20PT by
LemmalO.l |

Note that it suffices to compute a maximal (not necessarilyimuam) matching in Algo-
rithm 14, which can be done in linear tim@(m).

An immediate question that comes to ones mind is whethemthmaimation ratio is best
possible. This indeed involves two kinds of questions inggah

1. Is the approximation ratia of the algorithm tight?
2. Is the approximation ratia of the algorithm best possible foertex cove?

The first question essentially asks whether the analyslsecdipproximation ratio is tight.
This is usually answered by exhibiting an example instance/hich the algorithm com-
putes a solution whose costastimes the optimal one. The second one asks for much
more: Can one show that there is no approximation algorittitim &pproximation ratio

o — ¢ for everye > 0? Such amapproximability resultisually relies on some conjecture
such as thal = NP.

Lets first argue that the approximation ratio of Algorithirhis indeed tight.

Example 10.1.Consider a complete bipartite graph withvertices on each side. The
above algorithm will pick all & vertices, while picking one side of the bipartition con-
stitutes an optimal solution of cardinality The approximation ratio of 2 is therefore
tight.

The answer to the second question is not clear, despitesimteresearch. The currently
best known lower bound on the inapproximability\afrtex covelis as follows (stated
without proof).

Theorem 10.2. Vertex cover cannot be approximated within a factod&606 unless

P =NP.

10.3 Approximation Algorithms for TSP

As introduced before, theaveling salesman probleasks for the computation of a short-
est tour in a given grapB = (V, E) with non-negative edge costsE — R™.
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We first show the following inapproximability result.

Theorem 10.3. For any polynomial-time computable functiorin), TSP cannot be ap-
proximated within a factor oft (n), unless P= NP.

Proof. Suppose we have an algorithwnG that approximate$SPwithin a factora (n).
We show that we can ugea.G to decide in polynomial time whether a given graph has a
Hamiltonian cycle or not, which is impossible unléss- NP.

Let G = (V,E) be a given graph on vertices. We exten to a complete graph and
assign each original edge a cost of 1 and every other edgetafoa(n). Run the
a(n)-approximation algorithnaLG on the resulting instance. We claim thiatcontains
a Hamiltonian cycle if and only if the TSP tour computed4nG has cost less than or
equal tona (n).

Supposes has a Hamiltonian cycle. Then the optimal TSP tour in theredee graph
has cosnh. The approximate TSP tour computed dyG must therefore have cost less
than or equal tava (n). Supposes does not contain a Hamiltonian cycle. Then every
feasible TSP tour in the extended graph must use at leastdgeecé cosha (n), i.e., the
cost of the tour is greater thamw (n) (assuming tha® has at leash > 2 vertices). Thus,
the cost of the approximate TSP tour computed\bg is greater thama (n). The claim
follows. O

The above inapproximability result is extremely bad newke Eituation changes if we
consider themetric TSPproblem.
Metric Traveling Salesman Problem (Metric TSP)

Given: An undirected complete gra@h= (V,E) with non-negative costs:
E — RT satisfying thetriangle inequality i.e., for everyu,v,w €V,
Cuw < Cuv+ Cyw-

Goal: Compute a tour i that minimizes the total cost.

Themetric TSRroblem remaindiP-complete: Recall that we showed that F@Pprob-
lem is NP-complete by reducinglamiltonian Cycleto this problem. The reduction only
used edge costs 1 and 2. Note that such edge costs alway#tersstmetric. Thus, the
same proof shows thatetric TSHs NP-complete.

We next derive two constant factor approximation algorgtor this problem.

Given a subse® C E of the edges, we defirgQ) as the total cost of all edges@® i.e.,
c(Q) = YecqCe:

The following lemma establishes a lower bound on the optooat:

Lemma 10.2. Let T be a minimum spanning tree of G. TRéRT > c(T).

Proof. Consider an optimal SPtour and remove an arbitrary edge from this tour. We
obtain a spanning tree & whose cost is at mo€2PT. The cost ofT is thus at most
OPT. O
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This lemma leads to the following id€a:

Input : Complete grapi® = (V, E) with non-negative edge costs E — R™
satisfying the triangle inequality.
Output: TSPtour of G.

Compute a minimum spanning tré&eof G.

Double all edges of to obtain a Eulerian grap®'.
Extract a Eulerian tout’ from G'.

TraverseC’ and short-cut previously visited vertices.
Output the resulting toue.

a A W N P

Algorithm 15: Approximation algorithm fometric TSP

Theorem 10.4. Algorithm15is a 2-approximation algorithm for metric TSP.

Proof. Note that the algorithm has polynomial running time. Alde teturned tour is a
TSP tour by construction. Because edge costs satisfy #uegtd inequality, the tout
resulting from short-cutting the Eulerian to@fin Algorithm 15 has cost at mostc?T),
whereT is the minimum spanning tree computed in StefBy Lemmal0.2, the cost of
Cisthus at most@PT. O

We can actually derive a better approximation algorithm &fjning the idea of Algo-
rithm 15. Note that the reason for doubling the edges of a minimumrspgrireeT was
that we would like to obtain a Eulerian graph from which we ti@an extract a Eulerian
tour. Are there better ways to construct a Eulerian grapttistawith a minimum span-
ning treeT? Certainly, we only have to take care of the odd degree estEay’, of T.
Note that in a tree there must be an even number of odd degrieege

So one way of making these odd degree vertices become evesedegytices is to add
the edges of a perfect matching @hto T. Intuitively, we would like to keep the total
cost of the augmented tree small and thus compute a minimehpedect matching. As
the following lemma shows, the cost of this matching can bated to the optimal cost.

Lemma 10.3. Let V' CV be a subset containing an even number of vertices. Let M be a
minimum cost perfect matching on.\ThenOPT > 2¢c(M).

Proof. Consider an optimalSPtourC of lengthOPT. Traverse this tour and short-cut all
vertices inv \ V'. Because of the triangle inequality, the resulting @uonV’ has length
at mostOPT. C’ can be seen as the union of two perfect matchingg’omhe cheaper
matching of these two must have cost at rn%ﬁPT. We conclude that a minimum cost
perfect matching! onV’ has cost at mosﬁOPT. O

We combine the above observations in the following algaritivhich is also known as
Christofides’ algorithm

5Recall that & ulerian graphis a connected graph that has no vertices of odd degrdgulérian touris a
cycle that visits every edge of the graph exactly once. Gavé&ulerian graph, we can always find a Eulerian
tour.
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Input: Complete grapi® = (V, E) with non-negative edge costs E — R*
satisfying the triangle inequality.
Output: TSPtour of G.

1 Compute a minimum spanning tré&eof G.

2 Compute a perfect matchid on the odd degree vertic®s of T.
3 CombineT andM to obtain a Eulerian grap@'.

4 Extract a Eulerian tou€’ from G'.

5 TraverseC’ and short-cut previously visited vertices.

6 Output the resulting toue.

Algorithm 16: Approximation algorithm fometric TSP

Theorem 10.5. Algorithm16is a %-approximation algorithm for metric TSP.

Proof. Note that the algorithm can be implemented to run in polyradtitne (computing

a perfect matching in an undirected graph can be done in polial time). The proof
follows because the Eulerian graphhas total cost(T) + c(M). Because of the triangle-
inequality, short-cutting the Eulerian to@* does not increase the cost. The resulting
tour C has thus cost at mostT) + ¢(M), which by Lemmasl0.2and10.3is at most
30PT. O

The algorithm is tight (example omitted). Despite intersigsearch efforts, this is still
the best known approximation algorithm for tmetric TSPproblem.

10.4 Approximation Algorithm for Steiner Tree

We next consider a fundamental network design problem, hatine Steiner tree prob-
lem It naturally generalizes th@inimum spanning tree problem

Steiner Tree Problem

Given: An undirected grap® = (V,E) with non-negative edge costs E —
R™ and a set of terminal nod&sC V.
Goal: Compute a minimum cost tr@ein G that connects all terminals R

The nodes irR are usually callederminals those inV \ R are calledSteinemodes. The
Steiner tregproblem thus asks for the computation of a minimum cost taés® called
Steiner treethat spans all terminals iR and possibly some Steiner nodes. The decision
variant of the problem islP-complete. Note that if we knew the S8t V \ R of Steiner
nodes that are included in an optimal solution, then we ceinighly compute an optimal
Steiner tree by computing a minimum spanning tree on thexegtRU Sin G. Thus,

the difficulty of the problems is that we do not know which &Finodes to include.

We first show that we can restrict our attention without loisgemerality to the so-called
metric Steiner tree problemn the metric version of the problem, we are givencn-
pletegraphG = (V, E) with non-negative edge costs E — R that satisfy thariangle

85



	Approximation Algorithms
	Introduction
	Approximation Algorithm for Vertex Cover
	Approximation Algorithms for TSP
	Approximation Algorithm for Steiner Tree


